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Pathological changes in retinal microvasculature are known to be associated with 
systemic diseases such as hypertension and diabetes, and may result in potentially 
disadvantageous blood flow and impair oxygen distribution. Therefore, in order to 
improve our understanding of the link between systemic diseases and the retinal 
circulation, it is necessary to develop an approach to quantitatively determine the 
hemodynamic and oxygen transport parameters in the retinal vascular circulation. 
This thesis aims to provide more insights into the detailed hemodynamic features 
of the retinal arterial tree by means of non-invasive imaging and computational 
modelling. It covers the following two aspects: i) 3D reconstruction of the retinal 
arterial tree, and ii) development of an image-based computational model to predict 
blood flow and oxygen transport in realistic subject-specific retinal arterial trees. The 
latter forms the main body of the thesis. 3D reconstruction of the retinal arterial tree 
was performed based on retinal images acquired in vivo with a fundus camera and 
validated using a simple 3D object. The reproduction procedure was found to be 
feasible but with limited accuracy. In the proposed 2D computational model, the 
smaller peripheral vessels indistinguishable from the retinal images were represented 
by self-similar asymmetric structured trees. The non-Newtonian properties of blood, 
and nonlinear oxyhemoglobin dissociation in the red blood cells and plasma were 
considered. The simulation results of the computational model were found in good 
agreement with in vivo measurements reported in the literature. In order to understand 
the effect of retinal vascular structure on blood flow and oxygen transport, the 
computational model was applied to subject-specific geometries for a number of 
hypertensive and diabetic patients, and comparisons were made with results obtained 
from healthy retinal arterial networks. Moreover, energy analysis of normal and 
hypertensive subjects was performed using 3D hypothetical models. Finally, the 
influence of different viscosity models on flow and oxygen transport in a retinal tree 
and the advantage of low dimensional models were examined. 
This study has demonstrated the applicability of the image-based computational 
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The eye is a sensory organ, through which we can see the world. The retina, at the 
inner surface of the eye, is one of its most important components. There is now 
evidence suggesting that certain systemic diseases can cause pathological changes in 
the retinal microvasculature structure, e.g. arteriolar narrowing and leaking, which can 
result in blindness without treatment. A number of studies have shown that 
generalized retinal arteriolar narrowing may be associated with inflammation and 
increased risk of diabetes and hypertension, whereas retinopathy such as retinal 
haemorrhages, microaneurysms, and cotton wool spots, are associated with increased 
risk of stroke, cognitive impairment, renal dysfunction and cardiovascular mortality 
(Wong et al. 2005). Furthermore, diabetic eye disease has now become one of the 
commonest causes of blindness in the UK. Therefore it is important and necessary to 
acquire a detailed knowledge of hemodynamics and mass transport phenomena in the 
retinal vascular network of both normal subjects and patients with systemic diseases, 
to improve understanding, diagnosis and treatment. 
In this chapter, background information about the anatomical structure of the eye, 
the optical system to focus vision, and the ocular circulation is described. Morden 
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photoreceptors. The macula, a region free from large vessels, is close to the visual 
axis of the eye. The pitlike depression in the middle of macula is the fovea, which 
provides the sharpest vision of the eye – the best visual resolution or acuity 
(McGeown 2002).  
Functionally, the elements of the eyeball can be divided into the following: 1) the 
optical system to focus vision, mainly including the cornea, aqueous humor, lens and 
vitreous humor; 2) the information processing system, the retina, which converts light 
rays into visual information that can be recognized by the brain; and 3) the ocular 
circulation to nourish the eye.  
1.1.1 The Eye Optical System 
 
Figure 1.2 Schematic representation of the eye. The refractive index of each 
component of the eye (n) is obtained from Hecht 1987.  
With regard to anatomical structure and function, the eye is comparable to a camera. 
The optical system of the eye is similar to the lens system of a camera, (Fig. 1.2). It is 
composed of transparent tissues named as the cornea and crystalline lens, colourless 
liquids termed as aqueous humor, and a transparent jelly-like substance called the 
vitreous humor. This optical system focuses light on the photo-sensitive surface of the 
retina. The amount of light entering the eye is controlled by the iris which is 
analogous to the aperture in a camera. 
The cornea is a principle component of eye optics since it provides two-thirds of 
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diopters, nearly 40 of which is offered by the cornea (Millodot 1982). The transparent 
crystalline lens lacks blood supply and innervations, and has an onion-like structure. It 
is another principle element of the eye optical system as it provides the remaining 
one-third refractive power (Schwartz 1994). Due to its complex structure, the 
refractive index of the crystalline lens is far from optically homogenous with a higher 
value at the lens surface than in the central anterior part. The aqueous humor fills the 
anterior chamber, which is the cavity formed by the cornea, iris and crystalline lens, 
and supplies nutrition to the avascular tissue of cornea and lens. Filling in the centre 
part of the eye between the crystalline lens and retina, the vitreous humor not only 
provides structural and nutritional support to the retina but also creates a critical space 
(Schwartz 1994). The refractive indexes of the vitreous humor and aqueous humor are 
the same at 1.336 (Hart 1992). Since all these components of the eye optical system 
are transparent and avascular, light can easily pass through and reach the retina. The 
aqueous humor and vitreous humor, although less important than the cornea and 
crystalline lens, are essential components of the optical path, and refraction occurs at 
their interface with adjacent structures. 
1.1.2 The Ocular Circulation 
A schematic image of the blood vessels of the human eye is shown in Fig. 1.3. The 
human ocular circulation includes two separate vascular systems: the retinal 
circulation and the uveal vascular circulation. The uveal vascular circulation is 
composed of the vascular beds of the iris, the ciliary body, and the choroid, whereas 
the retinal circulation is only formed by retinal vessels. The ocular vascular system is 
derived from the ophthalmic artery, a branch of the internal carotid, which further 
branches into the central retinal artery, two or three posterior ciliary arteries, and 
several anterior ciliary arteries (Hart 1992). The ophthalmic artery supplies not only 
the retinal circulation and the uveal circulation, but also the extrinsic muscles of the 
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Stanton et al. 1995, Wong et al. 2001 and 2005). Diabetes mellitus is associated with 
hard exudates, cotton wool spots, microaneurysms and haemorrhages. Renal function 
deterioration shows significant association with retinopathy (Edwards et al. 2005). 
Risk of subclinical and clinical stroke, cognitive impairment, renal dysfunction and 
cardiovascular mortality are associated with retinal haemorrhages, microaneurysms 
and cotton wool spots (Wong et al. 2005). Moreover ageing is known to be associated 
with abnormal retinal arterial diameter and angle relationship at bifurcation points 
implying possible endothelial dysfunction and microvascular rarefaction which may 
further result in disadvantageous blood flow patterns (Stanton et al. 1995).  
Recent advances in the development of non-invasive techniques have led to 
improved understanding of retinal hemodynamics in healthy and diseased human eyes. 
These include the measurements of red blood cell velocity in retinal vessels by means 
of bidirectional laser Doppler velocimetry (Riva et al. 1985), central retinal arterial 
blood velocity by color Doppler imaging (Harris et al. 1998) and pulsatile retinal 
blood flow by Doppler optical coherence tomography (Wang et al. 2007). Moreover, 
direct measurements have been performed of the partial pressure of oxygen (PO2) 
within the retina in various animal species using oxygen sensitive microelectrodes 
(Yu et al. 2005, Yu and Cringle 2005) and of oxygen saturation in retinal vessels in 
humans by spectrophotometric methods (Schweitzer et al. 1999, Michelson and 
Scibor 2006). However, some of these methods provide spatially integrated 
measurement only, whereas others involve approximations and the use of an empirical 
approach with limited applications. Given the importance of hemodynamics and 
oxygen delivery in our understanding of the pathophysiology of the retinal circulation, 
it would be desirable to develop a detailed mathematical and computational model for 
quantitative analysis of blood flow and oxygen transport in physiologically realistic 
retinal arterial networks. Once validated, such a model will allow us to examine the 
effect of topological changes in retinal vascular architecture on hemodynamic 
parameters, such as blood velocity, pressure and shear stress, as well as oxygen 
distribution in the retinal circulation. Although there are many modeling studies on 
blood flow and oxygen transfer in large arteries (e.g. Kaazempur-Mofrad and Either 
2001, Qiu and Tarbell 2000, Moore and Ethier 1997, Sun et al. 2006), or in small 
capillary networks (e.g. Beard and Bassingthwaighte 2001, Tsoukias et al. 2007), no 
such work has been done in the retinal microcirculation. 




1.3 Objectives and Strategy  
The overall aim of this project is to develop a method that could quantitatively assess 
hemodynamics and oxygen transport in the retinal arterial network to help understand 
how abnormal retinal vascular structures caused by systemic diseases influence retinal 
blood flow and oxygen distribution. In order to achieve this objective, Computational 
Fluid Dynamics (CFD) is applied to in vivo retinal images acquired from individual 
subjects, so that analysis of blood flow and oxygen transfer can be carried out under 
anatomically realistic conditions.  The specific objectives of this project are as follows: 
(1) Develop suitable 2D/3D patient-specific geometry for CFD simulation based 
on images acquired in vivo using a digital fundus camera attached to a Zeiss 
Ophthalmoscope. 3D reconstruction of patient-specific vessel network of the 
retinal circulation will be attempted.   
(2)  Develop a CFD model for blood flow in the retinal circulation by integrating a 
structured tree model for smaller peripheral vessels with the 2D/3D geometry 
of the main retinal vascular network reconstructed from images.   
(3) Incorporate oxygen transfer models into the flow model by using 
physiologically realistic transport properties derived from the literature. 
(4) Apply the integrated model for blood flow and oxygen transport to normal 
subjects and patients with hypertension and diabetes, in order to investigate the 
effect of retinal microvascular structure on retinal haemodynamics, oxygen 
transport and overall energy cost. 
I developed the programs used for 3D reconstruction of the retinal arteries and the 
validation of the reconstruction accuracy, except the image segmentation toolbox 
(RISA) (Martinez-Perez 2000) and the part code used for parameter refinement from 
the Oxford Brookes toolbox (http://cms.brookes.ac.uk/staff/PhilipTorr/).  




1.4 Plan of the Thesis 
The thesis is organized in the following sequence. Firstly a literature review is 
presented in Chapter 2, which includes necessary background information, a review of 
recent work on 3D reconstruction of optic disc and retinal vessels, and a review of 
studies performed on hemodynamics and oxygen transport in the retina. Subsequently 
a detailed 3D methodology developed for the reconstruction of retinal arteries from 
fundus images is described in Chapter 3. Difficulties involved in the reconstruction 
procedure are discussed thoroughly. In Chapter 4, a 2D CFD model is proposed for 
the study of hemodynamics and oxygen transport in the retinal arterial network. In 
order to apply this numerical model to individual subject for quantitative assessment 
of the association between morphology and blood flow distribution, morphological 
parameters need to be derived from different patient groups. Derivation of 
morphological parameters for hypertensive and diabetic groups, together with patient-
specific analysis of flow and oxygen distribution in the retinal arterial network of 
these patient groups are presented in Chapter 5. Since branching geometrical 
characteristics affect the overall energy cost and flow delivery efficiency, analysis of 
energy cost was performed for normal and hypertensive retinal artery bifurcations 
using 3D hypothetical models (Chapter 6). This is followed by a chapter dedicated to 
examining the effect of various choices and assumptions made in the present study, 
including the viscosity model and 2D verses lower dimensional models. Finally the 
main conclusions and suggestions for future work are presented in Chapter 8.  
 










This chapter covers two main aspects: 1) a review of the recent work performed on 
3D reconstruction of the optic disc in the retina and retinal vessels together with a 
brief introduction of the terminologies used; 2) a review of blood rheological models, 
as well as experimental and mathematical studies of hemodynamics and oxygen 
transport in the retina circulation. 
2.1 Definition of Terminology used in imaging and 
reconstruction 
2.1.1 Camera Model 
A pinhole camera model is described here. Let the coordinates of a 3D point be 
Τ= ],,[ zyxM  in the global reference frame and its retinal image coordinates be
Τ= ],[ vum , and they are related by 





























s ,         (2.1) 
where s is an arbitrary scale and P is the perspective projection matrix (camera 
matrix). The mapping from 3D coordinates to 2D coordinates is the perspective 
projection. Let Τ= ]1,,,[~ zyxM and Τ= ]1,,[~ vum be the homogeneous coordinates of 
M and m, then we could have  
MPms ~~ =          (2.2) 
where matrix P can be decomposed as 
[ ]tRKP =          (2.3) 
K is the camera calibration matrix which contains the intrinsic characters of the 
camera and (R, t) is the 3D displacement (rotation and translation) from the global 
















K α  
here f is the focal length of the camera measured in pixels along the U axis; α  is the 
aspect ratio, defined as the ratio of the focal length along the axis U to the focal length 
measured along the axis V; 0u  and 0v are the principle points of the camera in terms 
of pixel dimensions; s  is the skew factor which models non-orthogonal U-V axes. 
2.1.2 Epipolar Geometry 
An epipolar geometry exists between any two-camera systems (Hartley and 





Zisserman 2003, Zhang et al. 1996). Referring to Fig. 2.1, the two cameras are 
represented by C1 and C2. Points m1 on the left and m2 on the right are images of the 
3D point M. Points e1 and e2 are the epipoles, which are the intersections of the line 
joining the two cameras C1 and C2 with both image planes or the projection of the 
cameras in the opposite image. The plane formed by the three points C1MC2 is called 
the epipolar plane. The lines l1 and l2 are called the epipolar lines and are formed 
when the epipoles and image points are joined. 
 
Figure 2.1 Epipolar geometry. 
The point m2 is constrained to lie on the epipolar line l2 of point m1. This is called 
the epipolar constraint. To visualize it differently: the epipolar line l2 is the 
intersection of the epipolar plane mentioned above with the second image plane π2. 
This means that image point m1 can correspond to any 3D point (even points at 
infinity) on the line C1M and that the projection of C 1M in the second image plane π2 
is the line l2. All epipolar lines of the points in the first image pass through the epipole 
e2 and form thus a pencil of planes containing the baseline C1C2. The above 
definitions are symmetric, in a way such that the point m1 must lie on the epipolar line 
l1 of point m2.  
The epipolar constraint can be expressed algebraically for any pair of 
corresponding points 21 mm ↔ in the two images: 
012 =FmmT          (2.4) 





where, the matrix F is called the fundamental matrix. Therefore if the corresponding 
points between two images are obtained, the fundamental matrix can be calculated. 
2.1.3 Camera Calibration 
Camera calibration is the process to estimate the intrinsic parameters of a camera in a 
3×3 matrix K.  Methods for camera calibration technologies can be broadly classified 
into two groups (Zhang 1999, and Xu 2003): 
(1) Photogrammetric calibration 
(2) Self-calibration (auto-calibration) 
Photogrammetric calibration – This type of calibration is performed by observing 
a calibration object with an accurately known 3D geometry. The calibration object 
usually consists of two or three planes orthogonal to each other. Calibration can be 
done very efficiently by these approaches (Faugeras 1993), but they require expensive 
calibration apparatus and an elaborate setup. 
Self-calibration (auto-calibration) – This does not require any specified 
calibration objects, but only depends on general information from different images 
acquired by moving the camera. Because all the intrinsic parameters are estimated 
from the images, the results will depend on the number and quality of images, and 
might not always be reliable. In addition, the distortion of the lens cannot be measured 
and is usually ignored in the self-calibration method. 
2.1.4 Image Distortion  
Because of the imperfect lens shape as well as improper lens and camera assembly, 
geometrical distortion which causes the offset of image points from their ideal 
locations may occur. The straight lines in the object space are rendered as curved lines 
on the film. Geometrical distortion consists of radial distortion which causes an 





inward (barrel distortion) or outward (pincushion distortion) displacement of a given 
image point and tangential distortion which results in the displacement of given 
image points along the tangent direction of radius from the image centre (see Fig. 2.2). 
Sometimes the distortion in 2D images is so large that correction has to be made 
before further processing. 
 
Figure 2.2 Illustration of radial and tangential distortion (left), and the effect of 
distortion (right). No distortion: solid line; inward distortion: dashed line a; outward 
distortion: dashed line b (Weng 1992). 
 
Figure 2.3 Corresponding point registration in a pair of images. 
 
         (a)                  (b) 
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The geometry of a canonical system can be simplified as Fig. 2.6. C1 and C2 are 
the optical centres (camera centres) of each image. M is the object point. m1 and m2 
are the correspondent image points of M. From this geometry, the relationship 
between depth z and the disparity could be obtained as 
)/( 1212 vvfdz −=         (2.5) 
here, )( 12 vv − is the disparity which is the relative displacement between 
corresponding feature points, f is the focal length of the camera, and 12d  is the 
baseline distance between the two camera centres. 
2.1.8 Image Rectification 
 
Figure 2.7 Canonical form image system (Xu et al. 2006a). 
Image rectification is the process of transforming the general epipolar geometry of a 
pair of stereo images into the canonical form (Faugeras 1993), the epipolar lines of 
which become collinear and parallel to one of the image axes. Fig. 2.7 is an example 
of the canonical form -- the baseline is aligned with the horizontal coordinate axis, the 
optical axes of the cameras are parallel, the epipolars move to infinity, and the 
epipolar lines in the image planes are parallel.  
In general, epipolar lines are not aligned and parallel with the coordinate axis. Once a 
pair of images is rectified, the epipolar lines become parallel and axis aligned (Fig. 





2.8). The advantage of rectification is that it simplifies the task of calculating 
correspondence between image pairs, because the search only needs to be performed 
along horizontal lines or vertical lines.  
 
Figure 2.8 Rectification process (Fusiello et al. 2000). 
2.2 3D Reconstruction of Retina 
The methods used for 3D reconstruction of the retina and retinal vessels can be 
classified into the following categories. 
1) Cross section based method by using optical coherence tomography (OCT) 
2) Scan laser technique by using scanning laser ophthalmoscopes (SLO) or 
Heidelberg retina tomography (HRT) 
3) 2D planar image based methods. 
2.2.1 Cross Section based Method 
In the cross section based approach, the object of interest is scanned along one 
direction to obtain a series of cross-sectional images and the final 3D configuration is 
obtained by assembling them following the scan sequence. Although 3D 
reconstruction based on 2D cross-sectional images is well established in the field of 
computer vision and has been applied to a variety of imaging modalities (e.g. 
magnetic resonance images for anatomical applications), its application in 3D 





reconstruction of the retina and retinal vessels has only been attempted recently. This 
has been restricted by the lack of an image technique with sufficient high spatial 
resolution.   
 
Figure 2.9 The process of retinal image reconstruction for 3D representation 
(modified from Wojtkowski et al. 2005). 
One promising technique for high resolution cross-sectional imaging is optical 
coherence tomography (OCT), a non-contact high resolution technology developed 
more than a decade ago in order to obtain cross sectional images of transparent and 
translucent structures (Hizenberger et al. 2003). It has been used to acquire images of 
the retina for identifying, monitoring and quantitatively assessing retina disease 
(Wojtkowski et al. 2005). Fig. 2.9 is an example of how to achieve 3D reconstruction 
of the retina from OCT data. Although effective, this method only provides the 
impression of 3D retinal shape at restricted perspectives, and does not recover full 3D 
visualization and true colour information (Xu and Chutatape 2006a). Because it is 
also expensive, OCT has not been widely used for retinal imaging.  
2.2.2 Scan Laser Technology based Method  
Laser scan based scanning laser ophthalmoscopes (SLO) or Heidelberg retina 
tomography (HRT) methods can be used for retina surface reconstruction. Fig. 2.10 
shows one example of the 3D optic disc surface reconstruction using SLO controlled 
scotometry and the Heidelberg retina tomography (Meyer et al. 1997).  However these 
specialized and expensive instruments have their limitations – HRT has fixed image 
size and depth resolution, and only pseudo-colours are assigned on the 3D images by 





HRT; the use of SLO requires higher-level training and high cost of expensive 
proprietary hardware and software. 
 
Figure 2.10 Left: 30° fundus photograph; Right: 3D disc surface reconstruction by 
HRT (modified from Meyer et al. 1997). 
 
Figure 2.11 Illustration of the optical system when capturing retinal images (Xu and 
Chutatape 2006b). 
2.2.3 2D Planar Image based Methods 
Another possible approach to building 3D representation of the retina is by using 2D 
retinal images. However the acquisition of retinal images for reconstruction is a major 
challenge, since the retina is at the back of eye-ball. Thus specially designed cameras 
are needed. The fundus camera consists of a specialized low power microscope with 
an attached camera designed to photograph the interior surface of the eye. Another 
challenge is that the 2D image based reconstruction technique requires at least one 
ZrΔ





intrinsic parameter of the optical system to be known, since projective reconstruction 
needs the camera calibration matrix, and the disparity map method requires the focal 
length in its depth estimation. Because the optical system here includes not only the 
camera but also the eye, it is difficult to estimate the intrinsic parameters system 
accurately. Fig. 2.11 shows the optical system concerned and it is clear that before the 
light entering into the eye reaches the retina, it has to pass through the cornea, lens, 
and vitreous humor.  
2.2.3.1 Method based on Disparity Map 
3D reconstruction based on disparity maps is a promising method. It requires a 
pair of parallel stereo images which can be obtained by using a fundus camera. With a 
standard fundus camera, it is difficult to obtain two canonical retinal images (stereo 
pair) at once. Therefore further image rectification should be done in order to translate 
the general pair into a stereo pair. Another way to obtain the stereo pair images of the 
retina is with a specially designed stereo fundus camera (Xu and Chutatape 2006a). 
This stereo fundus camera system has only one objective lens through which the light 
goes into the camera and is precisely divided into two paths by the inner prism, and 
the two separated light beams project on the left and right films simultaneously (Saine 
and Tyler 2002). In the parallel stereo pair image system (Fig 2.7), corresponding 
points are located on the horizontal line which coincides with the epipolar line, 
making the search of corresponding points much easier and more accurate. After 
obtaining the matching points, the disparity map of the entire images can be 
calculated and the depth of scene point recovered according to equation (2.5). 
If photogrammetric calibration is employed, the calibration of the eye’s optical 
system would not be considered and the result of recovered focal length would only 
include information about the camera lens group. As a result the recovered depths 
would correspond to a virtual image of the retina rather than the true retina (see Fig. 
2.11).  Most of the reconstruction methods focus on the optic disc since this area 





contains the most information on depth, and its disparity map is easy to estimate.  
 
Figure 2.12 Left: The optic disc image pair; Right: corresponding 3D result (Corona 
et al. 2002).  
 
Figure 2.13 Left: The optic disc image pair; Right: 3D reconstruction results (Kong et 
al. 2004). 
Corona et al. (2002) introduced a power spectrum and cross correlation algorithm 
for image registration and surface reconstruction. The original stereo pair retinal 
images were captured by a fundus camera from different perspectives and cropped 
into 150 fields of view (Fig. 2.12). In order to obtain a clearer binary representation of 
the features, Gaussian blurring and a median filter were applied to filter out noises. 
The depth map was then recovered after smoothing the disparity map with a large 
window cubic B-spline interpolation, which might introduce some error in the final 
3D surface. A similar procedure was adopted by Kong et al. (2004) to recover the 3D 
optic disc area (Fig. 2.13), except that the B-spline interpolation was applied to the 
depth map generated from an unsmoothed disparity map.  






Figure 2.14: (a) 3D surface reconstructed from a stereo pair and (b) confocal scanning 
laser opthalmoscope (CSLO) (Kolar et al. 2005). 
 
Figure 2.15 Left two: The optic disc image pair; Right: final 3D reconstruction result 
(Xu et al. 2006a). 
Kolar et al. (2005) applied a gradient-based method to initial estimation of 
disparity. The 3D surface of the optical disc area was generated in two different ways 
– one from a stereo pair, the other by using a confocal scanning laser opthamoscope 
(Fig. 2.14). But due to the different resolution and different imaging techniques, the 
two sets of results can only be compared qualitatively. With a focus on image 
registration, Kai et al. (2005) proposed a segment-based stereo matching algorithm in 
the 3D reconstruction of the optic disc surface for the diagnosis and observation of 
eye disease, by taking advantage of both the colour segmentation technique and the 
Bayesian belief propagation method.  
Instead of capturing a pair of retinal images with a single fundus camera from 
different perspectives, Xu et al. (2006a) applied the specially designed fundus camera 
mentioned above to obtain a stereo pair of retinal images simultaneously. They 





proposed a novel combined image registration approach to detect corresponding 
points, by taking advantage of both a window-based matching method known to be 
robust to noise and a feature-based matching method for accuracy. Only crossing 
points on the grid lines (Fig. 2.15) which separated one retinal image into small areas 
were computed to speed up processing, and sub-pixel matching was adopted to 
overcome low resolution images. The focal length of the camera optical system was 
measured by the three-plane camera calibration method (Zhang 1999). Dense 
disparities and depths were obtained and smoothed by piecewise interpolation. Since 
the eye optics were not considered, the recovered depth was not the true depth of the 
retina and the associated error cannot be neglected. 
Different from the general retinal image-based reconstruction, Laliberté et al. 
(2005) employed fluorescein retinal images for this purpose (Fig. 2.16). Because 
fluorescein flows in the retinal network, two images taken even with a slight time 
interval will be different which means that the intensities and colours at the same 
physical location vary with time. Therefore the image pairs with the largest stereo 
effect, the best compromise between a maximum fundus displacement and a 
minimum time difference, were selected. The bifurcation points of retinal vessels 
were automatically detected and matched for estimation of the epipolar geometry. 
After obtaining this, rectification was employed to generate a stereo pair with 
horizontal epipolar lines which made it easier to search corresponding points. Finally 
a qualitative disparity map was computed by partial differential equation (PDE) and 
scale-space method (Fig 2.16 bottom) and maximum flow. Because these fluorescein 
retinal images were uncalibrated, the relation between the generated disparity map 
and the real depth was unknown. 






Figure 2.16: Corresponding control points for the right eye of a patient (Top). Dense 
disparity maps of the large (bottom left) and small (bottom right) areas obtained with 
the PDE and scale-space approach (Laliberté et al. 2005). 
Choe et al. (2006a, b) also attempted 3D reconstruction of fluorescein retinal 
images. Similarly the bifurcations of retinal vessels (Y-feature) were extracted and 
matched first. The plane-and-parallax approach was employed to estimate epipolar 
geometry of the two retinal images based on which the two images were rectified for 
estimation of the disparity map. Furthermore a Parzen window-based mutual 
information algorithm was implemented for matching points and calculation of a 
dense disparity map. Different from the general definition of the disparity map, the 





==     (2.6) 
where ),( ,dBA ZZMI  is the mutual information. Their reconstructed disparity map was 
validated by OCT data. One limitation of this method is that the reconstruction 
process produced the disparity map but not the true depth map. 
Although several studies have been performed on the 3D reconstruction of the 





retina (optic disc area), the results are all qualitative and not suitable for further 
quantitative analysis. In order to obtain the depth of the optic disc, either an additional 
depth correction (Xu et al. 2006b) or a self-calibration method (Wunstel and 
Schumann 2002) should be used. Theoretically the two methods – disparity map 
based estimation with final depth correction and disparity map based estimation with 
self-calibration (See Appendix A.2) can recover the true retinal depth, but the 
reliability of reconstruction results may be compromised due to errors introduced in 
the reconstruction process, such as estimation of epipolar geometry, and accuracy of 
internal parameters recovered by self-calibration. 
2.2.3.2 Metric Projective Reconstruction  
Although metric reconstruction based on projective geometry is well known in the 
field of computer vision, its application to the retina was only proposed recently by 
Martinez-Perez et al. (2005). Similar to the initial steps of reconstruction using the 
disparity map method, image registration and estimation of epipolar geometry were 
required. The retinal images were captured by a fundus camera with a 500 field of 
view (Zeiss FF 450 IR), and directly transferred to a computer by an attached CCD 
camera (Sony Power HAD 3CCD Color Video Camera). Stereo pairs were not 
necessary in the metric reconstruction so that rectification of retinal images was not 
required. In order to obtain 3D retinal vessels, the blood vessels were segmented out 
from 2D images and the corresponding points between them were identified. Intrinsic 
parameters obtained by a general camera calibration method (Kanatani 1993) were 
used as initialization for self-calibration of the camera-eye optical system. 3D 
coordinates of the smoothed retinal vessel central lines were triangulated by a linear 
method, and a surface model of the retinal vessels was obtained via generalised 
cylinders using diameters measured from 2D images (Fig. 2.17). However before 
further application, the accuracy of the reconstructed results should be validated. 






Figure 2.17 Left two: two different views from the same eye-ball; Right: the 3D 
results of reconstructed vessels (Martinez-Perez et al. 2005) 
2.2.3.3 Affine Geometry Reconstruction 
An affine camera model was employed by Chanwimaluang and Fan (2006a, 2007) for 
3D reconstruction of the retina in order to provide information on the treatment of 
diabetes using the Early Treatment Diabetic Retinopathy Study (ETDRS). This 
technique requires capturing sets of retinal images from different fields of an eye (Fig. 
2.18). A requirement of the ETDRS approach is montage of the seven small fields of 
view which have relatively small overlaps leading to sparse feature points. An affine 
camera was derived from a standard projective camera. Correspondence of bifurcation 
and crossover points were automatically selected by a hybrid retinal image 
registration approach (Chanwimaluang et al. 2006b). And the planar pattern 
calibration (Zhang 1999) was used to estimate the intrinsic parameters of the camera 
optical system and to remove lens distortion caused by it. After all structure and 
camera parameters were optimized simultaneously by bundle adjustment, the affine 
surface was updated to a Euclidean one (Fig. 2.19) with the assumption that the 
eyeball is spherical. Since the intrinsic parameters used in reconstruction were those 
of the camera optical system and a spherical fundus approximation was made, the 
metric reconstruction result was not accurate enough. 






Figure 2.18 (a) A 3D model eye and (b) illustration of ETDRS seven-standard fields 
(Chanwimaluang and Fan 2006a). 
 
Figure 2.19 3D reconstruction results by using an affine camera model with retinal 
images mapped onto spherical surfaces (Chanwimaluang and Fan 2006a). 
2.2.3.4 Reconstruction based on Spherical Retina Assumption 
Deguchi et al. (2000a, b) first attempted to obtain a 3D view of the retina. Both the 
fundus camera and the human eye lens were simplified as a virtual optical lens 
separately. The retinal surface was assumed to be spherical so that its image through 
the eye lens could be considered as a quadratic surface. The optical system of the 
fundus camera was calibrated by a two-plane calibration method. According to the 
optical relationship between a spherical retina and its quadratic image formed through 
the eye lens (Fig. 2.20), all parameters including eye lens, fundus, and quadratic 
surface parameters were estimated and the spherical fundus surface was recovered. 
However, because the shape of fundus was considered to be spherical, some abnormal 
features might not be displayed faithfully, thus it might not be adequate for diagnosis. 





The 3D reconstruction methods described here are summarised in Table A.1 
(Appendix A.2).  
 
Figure 2.20 Illustration of the coordinate system and parameters for the optical system 
of the eye lens including the contact enlarging lens (Left); 3D reconstruction results 
(Right) (Deguchi et al. 2000a). 
2.3 Blood Rheological Models   
Blood is a complex mixture including formed elements (predominant erythrocytes or 
RBCs, leukocytes, and platelets) and relative homogeneous solution plasma. 
Compared with leukocytes and platelets, erythrocytes play a dominant role in 
determining the rheological properties of blood due to their high volumetric 
concentration — nearly 99% of the total cell volume and 40-45% of the volume of 
whole blood under normal physiological conditions (Popel and Johnson 2005). Thus 
changes in the status of erythrocytes such as deformation, aggregation, and 
disaggregation will alter the rheological features of blood especially its viscosity. 
According to previous studies (Lipowsky et al. 1980, Chien 1992, Pries et al. 1996, 
Lipowsky 2005, Popel and Johnson 2005, Maeda 1996), shear rate has been 
associated with the aggregation and disaggregation of RBCs. At low shear rates RBCs 
tend to aggregate which increases the apparent viscosity of blood, whereas at high 
shear rates RBCs incline to disaggregate resulting in decreased viscosity. The 
deformation of RBCs under local fluid forces is also known as a determinant of the 
blood shear thinning behaviour (Popel and Johnson 2005). In addition to shear rate, 
the rheological features of blood are also influenced by the size of the vasculature 





system containing blood as summarised below (Pries et al. 1996, Cokelet 1999, 
Quarteroni et al. 2000, Pries and Secomb 2003, Popel and Johnson 2005, Khakpour 
and Vafai 2008): 
1) In large and middle size vessels, blood can be considered as a homogenous 
and Newtonian liquid under normal physiological conditions, with a typical 
viscosity value of sPa ⋅= 00345.0μ  (Johnston et al. 2004, Soulis et al. 2008). 
2)  In vessels smaller than 500µm, the non-Newtonian features of blood become 
significant, and the apparent viscosity of blood decreases with reduction in 
vessel diameter (Fahraeus-Lindqvist effect) due to the presence of red-cell-
depleted layer adjacent to the wall.  
3) In vessels whose dimension is comparable to that of RBCs (<12µm), blood 
can no longer be considered as a continuum, because its particle and 
multiphase characters become obvious.      
2.3.1 Shear Rate Dependent Models 
To describe the non-Newtonian rheological characteristics of blood, a large number of 
viscosity laws based on the shear thinning effect of blood have been proposed.   
2.3.1.1 Power Law model  
The Power Law model is one of the most commonly used blood rheological models 
for whole blood. Generally it is expressed as 
1)( −= nk γμ &          (2.7) 
where k is the consistency coefficient, γ&  is the shear rate and n is the power index 
coefficient. The possible values for k and n in normal blood are 0.035 poise (1.0 poise 
=0.1 Pa·s=100 mPa·s) and 0.6 respectively (Cho and Kensey 1991, Soulis et al. 2008). 





 Several other versions of power law also exist and have been adopted in 
hemodynamics studies. One is called the Generalized Power Law model (GPL) which 
has the same expression as the classic power law model: 
1−= nkγμ &
         (2.8) 
However instead of assigning constant values for the consistency index k and the 
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where coefficients µ∞ = 0.035 poise, n∞ = 1.0, ∆µ = 0.25 poise, ∆n = 0.45, a = 50, b = 
3, c = 50 and d = 4 (Ballyk et al. 1994, Johnston et al. 2004). The GPL model was 
recommended for low shear environment of blood flow according to the wall shear 
stress (WSS) analysis of human right coronary arteries by Johnston et al. (2004) . 
Another popular edition of the power law is the Walburn-Schneck model or called 
the “Best Three Variable Model” proposed by Walburn and Schneck (1976) to 
describe the viscosity of blood in the shear rate range of 24 - 230 s−1 as 
1)( −= nk γμ &  (in Poise)  with 242 /)(1 HTPMACHCeCk +=  and HCn 31−=   (2.11) 
where coefficients C1 = 0.00797, C2 = 0.0608, C3 = 0.00499, C4 = 14.585l/g, H 
(Hematocrit) = 40 and TPMA (Total Protein Minus Albumin) = 25.9g/l (Johnston et al. 
2004, Soulis et al. 2008) or k = 14.67×10-3 Pa·sn and n = 0.7755 for blood at 370C 
with H = 45%  (Neofytou 2004). 
Compared with other power law models, the Walburn-Schneck model incorporates 
the effects of hematocrit (the volume fraction of RBCs to the volume of whole blood) 
and TPMA on blood viscosity. Moreover, in the shear rate range of 0.031–120 s−1 with 





hematocrit varied from 0.29 to 0.55, the Walburn-Schneck model was found to be the 
best description of blood rheology among the 11 models examined by Easthope and 
Brooks (1980). 
2.3.1.2 Casson model  
The Casson model (Casson 1959, and Fung 1993) is another well-known law to 
describe the rheological features of blood. In this model the relationship between 







y          (2.12) 
where µ∞ is the asymptotic viscosity (or Casson viscosity) and τy is the yield shear 
stress. If the effect of hematocrit is taken into account, µ∞ and τy can be expressed as 
(Perktold et al. 1991) 
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    (2.13) 
where µ0 is the plasma viscosity; a, b, and β are experimental constant coefficients. 
Due to various expressions of the Casson model and different experimental 
conditions, the suitability of this model to simulate the rheology of blood was found 
to vary. Some researchers found that the Casson model offered satisfactory 
approximation for γ&   in the range of 15 to 6400 s−1 (Bate 1977) or 0–106 s−1(Charm 
and Kurland 1965, Neofytou 2004), whereas others claimed that good fitting with 
empirical data was obtained when γ&  > 1 s−1 (Perktold et al. 1991 and Boyd et al. 
2007). Basombro et al (2002) concluded that under specified conditions (hematocrit < 
40% or with higher yield stress under the same value of hematocrit), the Casson 
model could provide reasonable approximation to the experimental data of blood at 





the shear rate range of 1 s−1< γ&  < 600 s−1. 
2.3.1.3 Quemada model 
Quemada (1978a, b) proposed a blood rheological model of concentrated dispersed 
systems by incorporating the effect of shear rate and hematocrit. The Quemada model 
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where µ0 and φ are the plasma viscosity and the volume concentration of the particles 
(hematocrit), respectively. cγ&  is the critical shear rate related to relaxation time. k~  is 
the generalized intrinsic viscosity. 0k  and ∞k are the lower and upper intrinsic 
viscosities corresponding to cγγ && <<  and cγγ && >>  respectively. In this model both the 
shear thinning ( ∞> kk0 ) and thickening ( ∞< kk0 ) effects are simulated. After 
transformation, the Quemada model can be expressed as (Buchanan and Kleinstreuer 










        (2.15)
 
with a typical hematocrit of 40%, µ∞= 0.0265 dyn•s/cm2, τ0 = 0.0432 dyn/cm2 and λ = 
0.0218 s-1 (Buchanan and Kleinstreuer 1998).  
One advantage of the Quemada model is that at very low shear rate it takes into 
account the effects of particle aggregation, orientation and deformation (Quemada 
1978a, b). Moreover,  by including additional parameters, e.g. the shear rate modifier 
λ, the transformed Quemada model provides a better description of blood data at low 
shear rate (i.e. ~ 10-2s-1) than other blood viscosity models (Longest and Kleinstreuer 
2003). 





2.3.1.4 Carreau-Yasuda model  
The Carreau-Yasuda model (or Modified-Cross law) is a rheological model based on 
the shear thinning effect (Giannoglou et al. 2002, Cho and Kensey 1991, Abraham et 
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where µ∞ is the infinite shear viscosity ( ∞→γ& ) and µ0 is the zero shear viscosity 
( 0→γ& ). λ, a, and b  are constant coefficients estimated from experimental data. The 
Carreau-Yasuda model is commonly adopted in the study of hemodynamics due to its 
continuity for the entire non-negative shear rate 0≥γ&  (Boyd et al. 2007).  
2.3.1.5 Other models 
In addition to the commonly used rheological models described above, a number of 
other models accounting for the shear thinning effect exist (Zhang and Kuang 2000). 
For example, the K-L equation ( )γαγαμττ && 21 +⋅+= py , and Weaver equation 
( )Hctp γμμ &log0076.003.0loglog −+= . However due to different methods and 
conditions involved in the procedure of model derivation, although they may provide 
good approximation of blood viscous behaviour under certain conditions, none of 
these approaches showed great advantages over the popular models mentioned above.    
2.3.2 Models Incorporating Scale Effect 
So far many rheological models have been developed to depict the intrinsic 
rheological characteristics of blood based on shear rate. However their suitability for 
the microcirculation was uncertain due to the well recognised Fahraeus-Lindqvist 
effect. Therefore a different group of models have been derived for small vessels in 





the microcirculation.  
2.3.2.1 Pries model 
 
Figure 2.21 Experiment setup by using capillary viscometer. Here a negative pressure 
is applied to the downstream end of the horizontal measuring tube, which allows the 
vertical capillary to be perfused from a feeding reservoir (Pries et al. 1992a). 
a) In vitro model  
Pries et al. (1992a and 1994) proposed a viscosity law based on the study of blood in 
micro-tubes. In this study blood viscosity was measured in an in vitro glass capillary 

























−     (2.19) 
where D is the tube diameter, HD is the discharged hematocrit, µrel is the relative 
viscosity, and µ0.45 is the viscosity when HD = 0.45. 





It is clear that in this model, blood apparent viscosity depends on the diameter of 
the tube and hematocrit only and is independent of shear rate. Without directly 
measuring the shear rate, its influence on the viscosity model could be assessed by 
multiplying the in vitro viscosity (µvitro=µplasma·µrel, where µplasma is the viscosity of 
plasma) by a velocity-dependent term ( )1+⋅ QUP  as (Pries et al. 1994): 
( )1+⋅⋅= Qvitroshear UPμμ         (2.20) 
where µshear is the shear-rate-dependent relative viscosity, U  is the derived shear rate 
(flow velocity/diameter). Here P and Q are the constant coefficients which could be 
estimated by fitting the experimental data on red blood cells suspended within plasma 
in vertical glass tubes (e.g. Reinke et al. 1987).  
After proposing an improved model by incorporating a diameter-dependent term 

























D    (2.21)
 
where µmod is modified viscosity, W has the dimension of a length, and λ is a constant, 
the dependence of viscosity on shear rate in a small tube was further studied based on 
three network databases by using µmod instead of µvitro. The results showed that there 
was limited influence of shear-dependent components on the viscosity under their 
perfusion conditions (Pries et al. 1994). 






Figure 2.22 Relative apparent viscosity in vertical glass capillaries is expressed as a 
function of pseudo-shear rate (γ=4Q/πd3, where Q is flow rate and d is the tube 
diameter). Results were obtained with red blood cells suspended in different media: 
(top left) physiological saline containing albumin, (top right) autologous serum, 
(bottom left) autologous plasma, and (bottom right) plasma containing 4.5 mg/ml 
Dextran 250 (Reinke et al. 1987). 
 This conclusion was consistent with the finding of Reinke et al. (1987) that a 
weak dependence of viscosity on shear rate was found in small vertical glass tubes. 
However it should be mentioned that although in a small vertical tube (Fig. 2.22) the 
viscosity does not show strong dependence on pseudo shear rate, in horizontal small 
glass tube the dependence became much more obvious (Fig. 2.23). 






Figure 2.23 Left: Relative viscosity vs. pseudo-shear rate. Right: relative width of 
marginal plasma layer (r/R) vs. pseudo-shear rate obtained in 3 horizontal glass 
capillaries with red blood cells suspended in plasma with a feed hematocrit as 0.45. 
(Reinke et al. 1987). 
b) In vivo model I 
The viscosity model based on in vitro experimental data was found to be insufficient 
for description of the property of in vivo blood especially for vessels smaller than 50 
µm (Fig 2.24). Therefore based on the modified in vitro viscosity model an empirical 
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 It is clear that this empirical relation shows dependence of viscosity on vessel 
diameter and hematocrit. However it does not consider the heterogonous characters of 
blood flowing in small vessels where a thin cell-free layer exists near the vascular 
wall. Therefore according to this in vivo law, viscosity would be uniform at each 
vessel cross section if hematocrit remains constant. 
 
Figure 2.25 Illustration of the endothelial surface layer (Pries et al. 2000) 
Figure 2.24 (Top) Relative 
apparent blood viscosity estimated 
from 18 in vitro studies on tube 
flow of blood (Pries et al. 1992b). 
(Bottom) Relative apparent blood 
viscosity expressed by in vivo 
model of Pries et al. (1994) 
compared to direct measurements 
by Lipowsky et al. (1978, 1980) 
(Pries et al. 1996). 
 





c)  In vivo model II 
Pries et al.(2005) proposed a new blood viscosity model taking into account the 
influence of the endothelial surface layer (ESL) (see Fig. 2.25), an almost 
impenetrable layer that no or very few RBCs could go through (Lee and Smith 2008). 









⎛μμ         (2.25) 
where Deff = D - 2Weff is the effective diameter considering the ESL layer. Here Weff is 
the effective thickness of the ESL layer. µvitro can be calculated from the in vitro 
model given in equation 2.17 (Pries et al. 1992a) by using the diameter of free-flow 
cross-section Dph (= D - 2Wph) instead of the measured anatomic diameter D. Wph is 
the physical thickness of the ESL layer. 
The detailed calculation of Weff and Wph is described by the following equations: 

















































     (2.28) 
The values of the parameters obtained by optimisation using the experimental results 
are defined in Table 2.1.  
 
 





Table 2.1 List of parameters (Pries et al. 2005) 
Parameters Hematocrit-dependent Independent of hematocrit 
EHD 1.18 0 
Doff (µm) 2.4 2.4 
Dcrit (µm) 10.5 10.5 
D50 (µm) 100 100 
Eamp 1.1 1.23 
Ewidth 0.03 0.03 
Epeak 0.6 0.6 
 
 
Figure 2.26 Comparison of viscosity models depending on diameter. In Haynes model, 
µ∞=4cP and δ= 4.29µm. 
2.2.2.2 Haynes model  
Another model to describe the viscosity variation in a small tube was developed by 
Haynes et al. (1960) and expressed as (Nagaoka and Yoshida 2006): 
( )2/21 Dδ
μμ +=
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where D is the diameter of the blood vessel; µ∞ is the saturated viscosity in a tube with 
a large diameter, i.e. 4cP (Kamiya and Takahashi 2007); δ is the equivalent diameter 
of red cells, i.e. 4.29µm from Kamiya and Takahashi (2007) or 6µm from Nagaoka 
and Yoshida (2006). Although in large or medium size vessels, the Haynes model 
provides compatible viscosity with Pries models, it differs from the demonstrated 
trend when the vessel becomes smaller than around 50µm (see Fig. 2.26). 
In summary, it seems that the Pries in vivo model-I agrees very well with in vivo 
experimental data especially for blood viscosity in small vessels (<50 µm) (as shown 
in Fig. 2.24), while also being relatively easy to implement since it depends on vessel 
diameter and hematocrit only.  Therefore, the Pries model was chosen to describe the 
non-Newtonian behaviour of blood for the modelling of blood flow in the retinal 
arteries. 
2.4 Hemodynamic Study of the Retinal Circulation 
2.4.1 Experimental Studies 
Until now, there have been a few attempts at the measurement of hemodynamic 
parameter in the retinal circulation, e.g. blood velocity, flow rate and pressure. Since 
the retina is located at the inner posterior surface of the eye, non-invasive methods are 
commonly adopted.  
2.4.1.1 Fluorescein angiography 
Guran et al. (1990) proposed a ‘targeted dye delivery’ method to evaluate the retinal 
hemodynamics in the eye of one rhesus monkey. This ‘targeted dye delivery’ method 
includes three steps: a) encapsulate a fluorescent dye in temperature-sensitive 
liposomes; b) inject the liposomes systemically; c) free the dye in a targeted retinal 
vessel by a light pulse from an argon laser. The dye front displacement was measured 
by projecting the negative on a digitizing pad (Summagraphics, Seymour, CT) and the 





centreline blood velocity was calculated as the difference in dye front placement 
between two angiograms obtained with a typical delay of 50 ms. The mean volumetric 
flow (Q) is analyzed by assuming the mean velocity (Vmean) being half of the 
centreline blood velocity (Vcenter) at a given vessel cross section. In conjunction with 
vessel diameter (D), the relation between volumetric flow and centreline blood 





ππ ==         (2.30) 
Similarly, Clermont et al. (1994) used video-based fluorescein angiography and 
computer-assisted image analysis to measure changes in retinal blood flow in rats. 
Blood flow related parameters were derived based on the analysis of fluorescent 
intensity changes over time. However this type of measurement of blood velocity and 
flow from video recorded images may not be sufficient for quantitative studies. In 
order to obtain more precise measurement of hemodynamic parameters, improved 
measurements were proposed. Confocal microscopy was performed on flatmounted 
fluorescein dextran-filled retinal vessels of male C57 BLKS mice (Paques et al. 2003). 
The capillary velocity of red cells in the deep layer was measured by epifluorescence 
intravital microscopy.  
2.4.1.2 Laser Doppler Velocimetry  
The technique of Laser Doppler Velocimetry (LDV) was firstly applied by Riva et al. 
(1972) to measure the velocity of blood flow in large retinal vessels. The blood 
velocity in the retinal arterioles of a rabbit was determined by measuring the Doppler-
shift frequency spectrum (DSFS) of laser light scattered from red blood cells (RBC). 
Afterwards this method was adopted by Tanaka et al. (1974) to study the blood flow 
velocity in human retinal vessels. In this study preliminary measurement results of 
blood velocity in both a retinal vein and a retinal artery were reported as 1.9cm/s in a 
160 µm retinal vein, and 2.2 cm/s in a 100 µm retinal artery. Although according to 





the study of Tanaka et al. (1974) the feasibility of measuring blood velocity in large 
human retinal vessels has been demonstrated, the effects of eye movements on the 
accuracy of velocity measurement could not be ignored using 10s measurement time 
(Feke and Riva 1978). After modification of this technique which reduced the 
measurement time to as short as 0.1second at the retinal irradiance levels, the quick 
response of blood flow in retinal vessels to alteration in controlled physiological 
conditions could be observed (Feke and Riva 1978).  
 
Figure 2.27 Illustration of the fundus camera based retinal LDV. FW: appertures; RhP: 
rhomboid prism; BS-1, 2: beam splitters; DF: density filter; RP: rotary prism; GIF: 
interference filter (Riva et al 1981). 
In order to measure the absolute speed of the RBC in retinal vessels, a new 
bidirectional LDV system was developed by Riva et al. (1979) and demonstrated by 
in vivo measurements obtained from an anesthetized owl monkey. In this system, the 
light scatted by RBC in two separate directions with a known angle was collected. A 
slit lamp and a standard low-vacuum contact lens with a flat front surface were 
applied to support the measurement. Subsequently Riva et al. (1981) improved the 
bidirectional LDV system by using a fundus camera instead of slit lamp to determine 
the scattering geometry (Fig. 2.27). 
By using the newly developed bidirectional LDV, a detailed examination of blood 
velocity and volumetric flow rate in the vessels of the normal human retina was 
performed (Riva et al. 1985). In this study both the centreline velocity (Vmax) and 





volumetric blood flow rate (Q) were found to be strongly associated with the retinal 
vascular diameter. The measurements were made in the range of 39 to 134 µm for the 
retinal arteries and 64 to 177 µm for the retinal veins (Fig. 2.28). The average velocity 
Vmean used to derive Q was calculated as Vmean= Vmax/1.6. Expressed in the form of a 
power curve, the volumetric blood flow rate varied with D2.76±0.16 for arteries and 
D2.84±0.12 for veins, which showed a close resemblance to Murray’s law that Q is 
proportional to D3. Furthermore the mean total Q for arteries and veins were 
calculated as 33±9.6 and 34±6.3 µl/min respectively. In their subsequent study the 
LDV system was applied to assist the investigation of auto-regulation of retinal blood 
flow which was known to be influenced by the mean retinal perfusion pressure (Riva 
et al. 1986).  
 
 
Figure 2.28 Results from Riva et al. (1985): Vmax (up) and Q (bottom) versus retinal 
vessel diameter 





In addition to the retinal hemodynamics studies carried out by Riva’s group, Feke 
et al. (1987) developed their own LDV system which had different optical 
configuration and data analysis techniques from that of Riva et al, and applied these to 
assess the hemodynamics of retinal blood flow in healthy volunteers (Feke et al. 
1989). In this study the mean total retinal blood flow including both arteries and veins 
was found to be 80±12 µl/min, which was much higher than the results obtained by 
Riva et al. (1985). For the relationship between volumetric blood flow and vessel 
diameter, Q was found to vary approximately with D4 (see Fig. 2.29, for retinal 
arteries Q ~ D3.95±0.54 and for veins Q ~ D3.93±0.35), whereas Riva et al. (1985) showed 
Q ~ D2.8. The different results may be caused by: 1) different LDV systems used to 
measure velocity; 2) different assumptions for Vmean: Feke et al (1989) assumed a 
parabolic velocity profile, henceVmean= Vmax/2; 3) different ranges of measured 
vessels: Riva et al. (1985) included the measurement of vessels smaller than that of 
Feke et al. (1989). 
 
Figure 2.29 Measurement results from Feke et al. (1989). Blood flow rate is expressed 
as a function of vessel diameter on a log-log scale. A: blood flow rate measured in 
retinal arteries; B: blood flow measured in retinal veins (Feke et al. 1989). 
Since then the Laser-Doppler technique has been widely applied in the study of 
retinal hemodynamics. Patel et al. (1992) used LDV to compare retinal blood flow in 





different types of diabetic patients (with or without retinopathy) and non-diabetes 
controls. Petrig et al. (1999) measured the blood flow in the optic nerve head tissue of 
rhesus monkey eyes by a fundus camera-based laser Doppler flowmetry technique, 
and stated that the standard laser Doppler flowmetry technique was much more 
sensitive to the changes of blood flow in the superficial layers than those in the 
prelaminar and deeper regions. Yoshida et al. (2003) studied the reproducibility of 
retinal blood flow measurements in man by using a new bidirectional LDV system—
the Canon Laser Blood Flowmeter model (CLBF) 100 which can determine vascular 
diameter and centreline blood velocity simultaneously. Although reproducible results 
were demonstrated by applying the CLBF 100, it was difficult to use it in vessels 
smaller than 60µm. Similarly the CLBF model 100 was adopted by Guan et al. (2006) 
to assess the baseline of retinal hemodynamic parameters for the study of diabetic 
macular edema (DME) including velocity, maximum-to-minimum velocity ratio, flow 
and diameter.  Nagaoka and Yoshida (2006) studied the wall shear stress (WSS) in 
healthy human retinal vessels by bidirectional CLBF model 100. Based on the 
measurement of velocity, the retinal mean WSS was derived as 54.0±13.2 dyne/cm2 in 
the first-order arterioles and 24.1 ± 3.5 dyne/cm2 in the first-order venules. 
Furthermore the same system was adopted by Rose and Hudson (2007) to study the 
auto-regulation of retinal vessels. In this study the pulsatilities of blood flow in retinal 
arterioles i.e. pulsatility ratio, resistivity ratio and pulsatility index were evaluated. 
2.4.1.3 Color Doppler Imaging  
Color Doppler imaging (CDI) is a technique based on ultrasound to measure blood 
flow velocity by superimposing the flow velocity information encoded in color on the 
standard bidimensional gray B-Mode echographic picture (Galassi et al. 1992, Santos 
et al. 1994). Due to its particular features that 2D anatomical imaging could be 
obtained simultaneously and blood flow velocity can be evaluated (Grant et al. 1989), 
it has been widely used to study the hemodynamics of the vascular system. 






Figure 2.30 Blood flow velocity measured in the central retinal artery (CRA). Left: 
measurement in a Behçet’s disease patient with ocular involvement; Right: 
measurement in the control group. In the CRA of Behçet’s disease patient, peak 
systolic velocity (PSV) was 5cm/s, and end diastolic velocity (EDV) was 3cm/s, 
which are lower than in a healthy person that PSV was 11 cm/s and EDV was 4 cm/s  
(Çaça et al. 2004). 
By using CDI technique, Galassi et al. (1992) studied the blood velocity in the 
central retinal artery (CRA), ophthalmic artery, and posterior ciliary arteries in a 
group of patients with glaucoma. Mendívil et al. (1995) compared the blood flow 
velocity in ocular vessels between healthy volunteers and patients with proliferative 
diabetic retinopathy by means of CDI. Blood velocities in the central retinal artery 
and ophthalmic artery were found to be significantly different between healthy and 
diabetic patients, with the velocity measured from diabetic patients being lower than 
that of health volunteers. The mean velocity in CRA of healthy people was measured 
as 7.35±2.7 cm/s. Ciulla et al. (1999) compared the ocular perfusion (i.e. blood flow 
velocity and resistive index) between two groups — a group with non-exudative age-
related macular degeneration and a control group. Their measurements in CRV 
showed no difference in peak systolic velocity (PSV) between the two groups, and the 
group with non-exudative age-related macular degeneration had lower end diastolic 
velocity (EDV), but higher resistive index. By using this Color Doppler technique 
Çaça et al. (2004) compared the changes of blood velocity in ocular vessels caused by 
Behçet’s disease with a control group (i.e. Fig. 2.30). In this study the PSV and EDV 





in CRA of patients with Behçet’s disease were found to be significantly lower than 
those of control group.  
2.4.1.4 Optical Coherence Tomography 
The Color Doppler optical coherence tomography (CDOCT, also called optical 
Doppler tomography) technique developed by Izatt et al. (1997) is a system which 
combines laser Doppler technique and optical coherence tomography (OCT). 
Subsequently by this means Yazdanfar et al. (1999, 2000, and 2003) quantitatively 
assessed the cross-sectional imaging of bidirectional blood flow in human retinal 
vessels, and assessed its feasibility for studying hemodynamics in retinal vessels. The 
centreline velocity-profile of blood flow can be obtained by using CDOCT (Fig. 2.31).  
Recently a Fourier domain functional OCT system (FDOCT) (Leitgeb et al. 2003, 
and White et al. 2003) was developed to study retinal blood flow, which can not only 
record pulsatile retinal blood flow, but also measure blood flow in small retinal 
vessels even in capillaries. Wang et al. (2007) demonstrated that without making 
assumptions for anatomic and flow parameters the FDOCT technique could be used to 
measure the total retinal volumetric flow in vivo. According to their measurements on 
the right eye of a human, the retinal flow velocity was found to vary in the range of 
16.26~29.7 mm/s for veins, and in the range of 38.35~51.13 mm/s for arteries. The 
total blood flow in retinal arteries and veins was estimated as 53.89 µl/min and 
54.71µl/min respectively, which were higher than the results of Riva et al. (1985) 
(33±9.6 µl/min for arteries and 34±6.3 µl/min for veins), but lower than the results of 
Feke et al. (1989) (80±12 µl/min for both arteries and veins). 
More recently, Rao et al. (2008) improved the FDOCT technique by using a 
Doppler variance image to select tissue pixels for histogram analysis of bulk phase 
which is capable of correcting bulk motion artifacts. 






2.4.2 Mathematical Modelling Studies 
Although there is a large body of literature on the experimental study of retinal 
hemodynamics, theoretical and computational studies are lacking. A one-dimensional 
nonlinear theoretical mathematical model was found which investigated blood flow in 
a retinal vessel with an elastic wall (Podol’tsev and Luk’yanova 2003). However it 
was a pure theoretical study without considering any spatial geometrical structure of 
the retinal vessels.  
To the author’s knowledge, computational analysis of blood flow in the retinal 
vascular network has not been attempted previously. Compared with experimental 
studies and idealized theoretical models, computational models using CFD especially 
when combined with subject-specific vascular anatomy, allow more realistic and fully 
controlled simulations to be performed. Image-based CFD modelling has been widely 
Figure 2.31 A: the periodic cardiac 
pulse waveform in the selected 
central vein. Here au is the 
indicates arbitrary units. B: 
Corresponding flow profiles 
showing  approximate laminar 
flow. The profiles were derived 
from the CDOCT data acquired in 
fewer than 5 milliseconds 
(Yazdanfar et al. 2003). 
 





adopted for large artery hemodynamics studies, e.g. Xu et al. (2009) investigated the 
association between wall stress and the uptake of 18F-FDG in aortic aneurysm walls 
by using patient-specific models reconstructed from computed tomography (CT) 
scans; Torii et al. (2009) studied the effects of wall compliance on hemodynamics in a 
3D right coronary artery reconstructed by using multislice CT images; and Borghi et 
al. (2008) studied the interaction of flow and stress pattern in thoraco-abdominal 
aneurysms recovered by using Magnetic resonance imaging (MRI) data. However as 
these popular multislice scan image techniques, i.e. CT and MRI, could not provide 
usable images for the 3D reconstruction of human retinal arteries due to their small 
dimensions (~ 100 µm), an alternative approach has to be developed. 
2.5 Oxygen Transfer in the Retinal Circulation 
Blood is the carrier of oxygen, thus any changes in blood flow will no doubt affect the 
oxygen distribution in the retinal circulation. Lack of oxygen supply may cause cells 
to function abnormally or even die, which may lead to vision deterioration or loss. 
Oxygen transfer is coupled with blood flow, which is strongly dependent on 
geometrical features of the retinal vascular network. 
A number of experimental studies have been performed to determine the oxygen 
saturation (SO2) in the retinal vascular system (e.g. Beach et al. 1999, Schweitzer et al. 
1999 and 2001, Michelson and Scibor 2006, Hardarson et al. 2006) or oxygen tension 
(PO2) and distribution at different depths of retina (e.g. Linsenmeier and Braun 1992, 
Ahmed et al. 1993, Yu and Cringle 2001, 2005, Cringle et al. 2002). In these studies, 
both invasive and non-invasive methods were employed. Non-invasive methods based 
on imaging techniques such as imaging spectrometry are generally employed for the 
measurement of SO2 in human retinal vessels. For example, Schweitzer et al. (1999) 
studied the SO2 in retinal vessels of healthy volunteers by using an imaging 
spectrometer consisting of a fundus camera, spectrograph, and an intensified charge-
coupled detector system. A similar imaging spectrometer system was adopted by 





Michelson and Scibor (2006) to investigate both retinal arteriolar and venular SO2 of 
normal subjects and patients with open-angle glaucoma. However in the study of SO2 
in retinal vessels of animals, invasive techniques are commonly adopted. For instance 
Salyer et al. (2006) measured the SO2 in both retinal arteries and veins of two young 
female American Yorkshire domestic swine by pars plana vitrectomy and intravitreal 
manipulations (Fig. 2.32).  
   
Figure 2.32 Left: Schematic diagram of intravitreal illumination method for retinal 
oximetry measurements; Right: Illustration of light paths and corresponding spectra Si 
(i=1 to 4), which are used in the oximetry measurement (Salyer et al. 2006). 
 
Figure 2.33 Schematic diagram of the Krogh-type cylinder retinal capillary tissue 
model (Avtar and Tandon 2007). 
To the author’s knowledge, there are no mathematical or computational models for 
oxygen distribution based on realistic geometry of the retinal vascular network, 
although a limited number of modelling studies of oxygen transport in the retinal 
circulation have been performed and these were based on either the transmural model 
of Krogh-type cylinder capillary (Avtar and Tandon 2007) which applied the classical 
Krogh cylinder to simulate oxygen exchange between retinal capillaries and 





surrounding tissue (Fig. 2.33) or the n-layer model of retina (Haugh et al. 1990, Yu 
and Cringle 2001, Yu et al. 2002, Cringle et al. 2002, Roos 2004) which assumed that 
oxygen distribution only changed along the depth direction in each modelled layer 
(Fig. 2.34).  
 
Figure 2.34 (a) Schematic drawing of the relative positions of the choroidal vessels, 
retinal cells and retinal circulation (Haugh et al. 1990); (b) The multiple-layer model 
of the retina. Outer retina (avascular) includes regions 1, 2 and 3; the whole inner 
retina (vascular) is expressed by region 4 (Roos 2004).  
In the n-layer model of retina, oxygen in each layer is described by a diffusion 
equation (Roos 2004): 
oxoxox sqpDdt
dp +−∇∇= )(        (2.31) 
where p is the local partial pressure of oxygen, t is time, Dox is the oxygen diffusion 
coefficient, qox is a consumption term and sox is an oxygen generation term which only 
exists in the retinal circulation layer and describes the amount of oxygen transported 
































ox    (2.32) 
where bf is a constant describing blood flow in the inner retina, βox is a constant, p is 
the local partial pressure of oxygen in the tissue, pblood is the partial pressure in blood, 
Hb is the hemoglobin concentration in blood, α1 is the solubility of oxygen in blood 


















Although the Krogh cylinder is able to simulate the oxygen distribution and its 
transmural exchange in retinal capillaries, geometric features of capillaries are not 
considered, and parts of the retinal circulation including inlet-arteriole and outlet-
venule are not included. The n-layer model contains the layer where the retinal 
vascular network locates, but its geometrical structure and distribution are not 
considered so that the details of blood flow and oxygen distribution in the vascular 
network cannot be obtained. Therefore neither of these two models can explain how 
the structural alteration of retinal vessels may affect blood flow and oxygen 
distribution.  
Although there were no previous publications concerning the numerical CFD 
modelling of blood flow and oxygen transfer in complex subject-specific retinal 
vascular arteries before this project, our research group made preliminary 
investigations.  Exarchow (2004) studied the hemodynamics in a 2D retinal vessel 
arterial network extracted from 2D fundus retinal images with a pressure drop 
boundary condition, and further developed a reduced 3D geometry from the existing 
2D vessel to study wall shear stress. Based on this work, oxygen distribution 
governed by the convection-diffusion equation in a 2D human retinal artery network 
was studied by Hoo and Kok (2005). However these models involved many idealised 

















In this chapter, a procedure to obtain a 3D reconstruction of the retinal arteries from 
patient-specific retinal images is presented. The reconstruction method includes vessel 
segmentation by means of a semi-automatic approach and calculation of feature point 
correspondence between paired images. It also incorporates an essential matrix based 
self-calibration approach to estimate the intrinsic parameters of the “fundus 
camera-eye” optical system. Preliminary results demonstrate its capability of 
reconstructing centrelines of retinal vessels in 3D. An eye phantom with known 
geometry has been employed to assess the accuracy of the reconstruction method. 
3.1 Methodology  
The geometric patterns of the retinal microvascular network are readily observed in 
vivo using fundal photography (Stanton et al. 1995). However, quantitative analysis of 





the geometrical patterns requires vessel segmentation and reconstruction. The 
reconstruction of the retina, especially the area of optic disc has been performed by 
several researchers (Xu and Chutatape 2006b, Kai et al. 2005), but most pathological 
changes in the microvasculature occur away from this region, and involve changes in 
vascular structure and conformation of the network. 
3D reconstruction of the retinal vascular tree from fundal images is a considerable 
challenge and only limited attempts have been made so far (Martinez-Perez and 
Espinosa-Romero 2005). When subject-specific retinal images are obtained with a 
fundus camera, the intrinsic parameters of the fundus camera-eye system are altered by 
the relative displacement between the camera and the eye of the subject. These changes 
can be reduced by acquiring retinal images with relative small displacements of the 
camera, so that the intrinsic parameters could be assumed to be fixed. A metric 
projection reconstruction approach has been adopted in this study. The retinal vessels 
of interest are segmented using a semi-automatic approach (Martinez-Perez et al. 2002) 
and correspondence between points from different images are calculated. In order to 
acquire a metric reconstruction result, an essential matrix based self-calibration 
approach is employed to estimate the intrinsic parameters of the “fundus camera-eye” 
optical system. For this the pixels of the camera-eye system are assumed to be nearly 
perfectly rectangular (which means that the aspect ratio is considered to be one and 
there is no skew) and the principal point of the camera-eye system is assumed to lie at 
the centre of the final retinal image. With these assumptions the self-calibration 
approach can be reduced to a simple system and a final metric 3D reconstruction can be 
recovered after retrieving a projection matrix from the essential matrix up to scale and a 
four-fold of ambiguity. 
3.1.1 Image Acquisition 
All retinal images used in this study were obtained in human volunteers following 
mydriasis with tropicamide (1% eye drops) using a commercial retinal fundus camera 





(Zeiss FF 450+) with a 30º field of view (Fig. 3.1). The fundus camera is a specialized 
low power microscope with an attached camera designed to photograph the interior 
surface of the eye, including the retina, optic disc, macula, and other structures. 
Digitized images were captured using a CCD camera and transferred to a PC for 
analysis. Due to the limited resolution of the fundus camera, only major trunks of 
retinal vessels in the obtained images are suitable for further analysis (Fig. 3.2). The 
principle of the paired image acquisition is illustrated in Fig. 3.3 
       
Figure 3.1 Retinal imaging (left) and illustration of the field of view for fundus 
camera (right). 
Although the optical systems of the eye and fundus camera are very complex (i.e. 
for the eye it includes several optical components: the cornea, lens, aqueous, and 
vitreous humor), they can be simplified and simulated by using the projective camera 
model (Fig. 3.4). Because this special optical system includes the eye and the fundus 
camera, any displacement between them, such as change in relative distance and 
rotation, will alter the intrinsic parameters of the combined eye-camera optical system 
(Fig. 3.3). In order to minimize these changes, only a small relative movement of the 
fundus camera and the eye was made when the retinal images were acquired. Retinal 
images acquired here have a resolution of 1280×1030 pixels but were condensed to 499 
×402 pixels prior to analysis in order to reduce the computational time.  
N
N’ Optical axis 
of eye
αα
Field of view α=300
N and N’ – the nodal points of eye






Figure 3.2 A typical retinal image 
acquired by Zeiss fundus camera. 
 
Figure 3.3 Schematic diagram showing the 
principle of paired image acquisition using a 
fundus camera. 
  
Figure 3.4 Optics of eye-camera system (Left) and illustration of a projective camera 
model (Right). 
3.1.2 Feature Points Extraction and Vessel Segmentation 
Based on the theory of 3D reconstruction from 2D images, two images of a single scene 
are related by the epipolar geometry, which can be represented by a 3×3 singular matrix 
called the fundamental matrix F. It captures all geometric information contained in the 
two images, and must be calculated before reconstruction.  
In order to obtain the fundamental matrix F, at least 7 corresponding fiducial points 
(i.e. at bifurcations) should be obtained. In fact, more than 7 matching points are 
required for a reliable estimation. For this purpose, a semi-automatic method developed 
by Martinez-Perez et al. (2002) is employed to perform the feature points extraction and 
vessel segmentation by scale-space analysis of the 1st and 2nd derivatives of the image 
intensity profiles (Fig. 3.5). The coordinates of the individual pixels corresponding to 
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 Alternative algorithms have been used to extract feature points from retinal 
images, for instance the Y-feature extraction (bifurcation) approach  developed for 
registering color and fluorescein angiograms of the retina (Choe and Cohen 2005). 
However the retinal fundus photos captured in the current study have lower contrast 
than fluorescein images, hence this approach might not be suitable for retinal images 
without fluorescein. Likewise if an image-intensity based automatic corner detection 
method was applied to search the feature points, a large amount of geometric 
meaningless points could be extracted which would require a robust technique to 
precisely match the corresponding pairs. It is obvious that should mismatch occur in 
this step, the estimation of epipolar geometry would be incorrect.  
3.1.3 Estimation of Epipolar Geometry 
Based on the identified corresponding points (crossing and bifurcation points), the 
fundamental matrix F can be recovered by applying the gold standard algorithm 




iiF xxdxxdC ′′+= ∑  (3.1)
Where ),(),( iiiiii vuxvux ′′′↔  represents the identified correspondence, and ii xx ′↔ ˆˆ  is 
the estimated correspondence that satisfies 0ˆˆ =′ii xFx  exactly for rank-2 estimated 
fundamental matrix F. This process of estimating the fundamental matrix is 
effectively equivalent to a projective reconstruction.  
The gold standard algorithm has been implemented by taking the following steps: 
1. Obtain the initial estimated rank 2 fundamental matrix Fˆ  using the normalized 
8-points algorithm (Hartley 1997) which is capable of providing adequately 
accurate epipolar geometry for most situations: 





• Normalization: transform the corresponding points according to ii Txx =ˆ  
and ii xTx ′′=′ˆ , where T  and T ′  are normalized transformations consisting 
of a translation and scaling. 
• Find the fundamental matrix Fˆ  corresponding to ii xx ′↔ ˆˆ  with a linear 
solution and enforce the rank 2 constraint to it by Singular Value 
Decomposition (SVD). 
• Set final fundamental matrix TFTF ˆΤ′= , where superscript T represents the 
transpose of the vector. 
2. Compute an initial estimated subsidiary variables { ii xx ′↔ ˆˆ } as follows: 
• Define two projection matrices as ]0[IP = and ]][[ eFeP ′′=′ × , where e′ , 
the epipole of the second image, can be obtained from F. 
• From the correspondence ii xx ′↔ , the 3D points iXˆ are obtained by an 
iterative linear-eigen triangulation method (Hartley and Sturm 1997) in 
order to save computational cost. 
• The projective correspondence consistent with F is obtained by ii XPx ˆˆ = , 
ii XPx ˆˆ ′=′ . 
3. Minimize the cost function FC  by varying ]|[ tMP =′  and iXˆ  using the 
Levenberg-Marquardt algorithm. 
4. Compute the fundamental matrix F as MtF ×= ][ . 
Epipolar lines of a pair of retinal images calculated by the above algorithm are 
shown in Fig. 3.8. According to the steps of the gold standard algorithm, it is clear that 
if there are miss-matched pairs of feature points, the estimated epipolar geometry 





would depart from its correct answer. Therefore in these situations alternative robust 
estimation algorithms with outlier elimination are recommended, i.e. RANSAC 
(Random sample consensus) algorithm.    
 
(a)                                                (b) 
Figure 3.8 The epipolar lines of a pair of retinal images 
3.1.4 Self-calibration 
In principle, a projective reconstruction can be obtained without the calibration matrix 
based on the fundamental matrix, F, but, in practice, due to the ambiguity of projective 
reconstruction, results may not be sufficiently accurate. Therefore we have chosen to 
perform 3D reconstruction on the basis of a metric projection. Metric reconstruction of 
a scene can be obtained by using the essential matrix E which is derived from the 
calibration matrix K (Hartley and Zisserman 2003): 
FKKE T=  (3.2)
where the superscript T represents the transpose of K. A standard linear camera 















K δ  
where f is the focal length in pixels and δ is the aspect ratio. (u0, v0) are the coordinates 
of the principal points, and s is the skew factor which is zero for rectangular pixels. 

























For the special fundus camera-eye system, a general photogrammetric calibration 
method, which depends on a calibration object with a known 3-D geometry (Zhang 
1999, Xu and Chutatape 2003), is not available to estimate the intrinsic parameters of 
the optical system. Hence a self-calibration method is employed. Since the image 
acquisition process is specially designed to minimize the alteration of the camera-eye 
system, we can assume that the intrinsic parameters of the camera-eye system remain 
constant and the pixels are rectangular with an aspect ratio of 1 and no skew. The 
principal point of the camera-eye system is assumed to be at the centre of the final 
retinal image. Therefore the only unknown parameter of the calibration matrix is the 
focal length. 
For self-calibration, it has been recognized that if nk is the number of intrinsic 
parameters known in all views and fn is the unknown but constant intrinsic parameter, 
the views, m, required for self-calibration will be (Mendonca and Cipolla 1999):  
8)1( ≥−+ fk nmmn  (3.3)
Therefore, a minimum of two views is required in this case (Mendonca and Cipolla 
1999). 
A self-calibration method, based on the characteristics of the essential matrix E, has 
been used to recover the unknown intrinsic parameters: two of the three singular values 
of E should be identical and the other should be zero (Mendonca and Cipolla 1999). 















is minimized by a direct search algorithm. 21 ijij σσ >  are the non-zero singular values 
of FKKE T= , and ijω is the weight factor which represents the degree of confidence 
in the estimation of the fundamental matrix F. There are several possible choices for 





ijω : (i) the residual of the estimation of F: the inverse of the mean geometric distance 
between the image points and their corresponding epipolar lines, (ii) the number of 
points used in the computation of F, and (iii) simply set it to one (Dick 2000). Here 
the residual of estimation of fundamental matrix is used for the weight factor. After 
obtaining the focal length by this self-calibration method, the essential matrix E can 
be calculated from equation (3.2). 
 
Figure 3.9 Planar chessboard used for calibration. 
Apart from sensitivity to the noise of images, the application of self-calibration is 
always dependent on initialization. Since nonlinear minimization is used for 
self-calibration, convergence to the global minimum can only be guaranteed if the 
algorithm is initialized properly. Although this algorithm is known to offer a good 
global convergence (Fusiello, 2001), we have employed a planar chessboard based 
photogrammetric calibration approach (Liu et al. 2004) to generate the initial focal 
length (fv) for self-calibration. A series of 2D chessboard images were captured by 
moving and rotating the Zeiss fundus camera (Fig. 3.9). The image plane should not be 
parallel to the chessboard, because the calibration method applied here depends on the 
vanishing points. Otherwise, no solution would exist since the vanishing points for both 
horizontal and vertical lines of the planar chessboard would be at infinity (Fig 3.10). 
The estimated values for K here are based only on the optics of the fundus camera. 
Therefore, it does not include the optics of eye, but should be close enough to the values 
for the whole optical system. 





    
Figure 3.10 Chessboard image with finite vanishing points (left) and infinite ones 
(right). 
3.1.5 Recovery of the Projection Matrix 
The corresponding points ii xx ′↔  in the 2D images and the unknown 3D points, iX , 
on the object are related by:  
ii PXx = , ii XPx ′=′  (3.5)
here P and P′  are the two projective matrices. If the essential matrix E of the 
camera-eye system is obtained, the matrices P and P′  can be retrieved from E up to 
scale and a four-fold ambiguity (Hartley 1992, Hartley and Zisserman 2003): 
1. Suppose the origin of the coordinate system is at the first camera centre, then the 
two projection matrices can be factorized as ]0[IKP = and ][ tRKP =′ , where R 
and t are the 3D displacements (rotation and translation) from the global  
coordinate system to the camera coordinate system. If the calibration matrix K is 
known, its inverse can be applied to the points ix  and ix′  to obtain their 
normalized coordinates: 
iii XIxKx ]0[
1 == − , iii XtRxKx ][1 =′=′ −  
Thus the corresponding normalized projection matrices are 
Vanishing point 1
Vanishing point 2
Vanishing points at 
infinite 





]0[IP = , ][ tRP =′  
2. The essential matrix can be calculated from equation (3.2), or expressed  as  
SRRtE == ×][   
 where S is the skew-symmetric matrix of t. 
Let the SVD of E be ΤUDV where D = diag(k, k, 0), then the possible 
factorization of SRE =  is one of the following: 




























Hence the normalized projection matrix P ′  has four possible solutions based on 
SVD of E as follows: 
][ 3uUWVP
T +=′  or ][ 3uUWV T −  or ][ 3uVUW TT +  or ][ 3uVUW TT −  
here Τ= )1,0,0(3 Uu , the last column of U.  
The four possible solutions are illustrated in Fig. 3.11. Based on the fact that 
reconstructed points should be in front of both cameras, the correct solution can 
be found by testing a single point if it is in front of both cameras. 






Figure 3.11 The four possible solutions for calibrated reconstruction from the 
essential matrix E (Hartley and Zisserman 2003). 
3.  Finally the P and P′  can be calculated by PKP = and PKP ′=′ . 
After obtaining P and P′ , the extrinsic parameters, the rotation axis l and the angle of 
rotationλ  may be obtained as:  





1)(arccos Rtraceλ  (3.7)
3.1.6 Parameter Refinement 
 
Figure 3.12 The epipolar lines after parameter refinement. 

























Based on the corresponding points obtained from vessel segmentation, the extrinsic 
parameters R and t, and the intrinsic parameter f are refined by minimizing the 
























Here the fundamental matrix F~ is calculated as 
1][~ −×
− ′= KRtKF T  (3.9)
where R′  is the rotation matrix calculated from Rodrigues’ formula (Hartley and 
Zisserman 2003) 







After this refinement, the final projection matrix can be obtained from R, t and K. 
3.1.7 Reconstruction of 3D points 
Having obtained the projection matrices for paired images, the 3D coordinates of each 
point, iX , can be calculated. In order to achieve a smooth reconstruction, the 
corresponding points from vessel segmentation are smoothed and interpolated using a 
cubic spline method. An iterative linear (Iterative-Eigen) method (Hartley and Sturm 
1997) is used to perform the triangulation of 3D points. Equation (3.5) can be written 
as:  












































































where iTp and iTp′  are the ith row of P and P′  respectively. jiw ,  and jiw ,′  are the 
weight factors at the jth step of iteration which have the form: 
1,
3
, −= jiTji Xpw , 1,3, −′=′ jiTji Xpw  (3.12)
At the beginning of the iteration 0,iw and 0,iw′  are set to be 1 in order to find the 
initial solution of 0,iX .  
All calculations are performed using Matlab (The Mathworks). The parameter 
refinement procedure is based on the codes from the Oxford Brookes toolbox 
(http://cms.brookes.ac.uk/staff/PhilipTorr/). The flowchart of a complete 
reconstruction process is shown in Fig. 3.13. 
 

















3.2 Experiment and Results  
A cylinder with a chessboard attached to its external surface was adopted to assess and 
obtain a preliminary validation of the metric projective reconstruction procedure. The 
focal length and aperture of the camera (Nikon D50) were fixed when pictures of the 
chessboard were taken, which means that the intrinsic parameters of the camera optical 
system were kept constant. Four images were acquired and used (Fig. 3.14 left) for 
self-calibration. The corners of the chessboard were extracted automatically for 
reconstruction (Fig. 3.14 right). The epipolar geometry between the image pairs was 
calculated by the normalized 8-points algorithm. After self-calibration, the 3D 
coordinates of the corners of the chessboard were calculated by the Iterative-Eigen 
triangulation (Fig. 3.15). Although the final triangulation of the 3D object coordinates 
was only based on two images, the self-calibration could utilize more images to 
improve the accuracy of the estimated camera intrinsic parameters. Quantitative 
comparison between the measurements and reconstruction results is summarized in 
Table 3.1. It is clear that with good estimation of the epipolar geometry and 
self-calibration, the reconstruction procedure implemented here is capable of 
reasonably precise representation of most of the geometric features such as height to 
length ratio (a/b), angles (α and β) and  curvature (r/b). The percentage error in 
curvature (r/b) seems to be larger than that in the other parameters, possibly due to the 
uncorrected distortion in the images and the smaller value for r making it more 
sensitive to errors. 
 











              
Figure 3.15 3D view of the reconstruction result (top left) and its side view (top right). 
Geometry model of the cylindrical chessboard (bottom left) and reconstruction result 
with angle measurements in ICEM (bottom right). 
Table 3.1 Quantitative comparison of the reconstructed results and measurements (See 
Fig 3.15 for definition of geometric parameters). 
 Measured(M) Reconstructed (R) error=|(M-R)/M|*100% 
a/b 1.1951 1.1778 1.45% 
r/b 0.8415 0.7771 7.66% 
α 90 89.7 0.3% 
β 90 88.575 1.58% 
 
Fig. 3.16 shows the reconstruction results of the segmented vessels in the central 
region of the image presented in Fig. 3.6. Fig. 3.16a is the 2-D view of the recovered 
centreline points of the marked 3-D vessels. The numbers (according to Fig. 3.6) 
indicate from which segments of the marked vessels are retrieved. Fig. 3.16b is the 3-D 
view of the reconstructed vessel centrelines. Fig. 3.16c and d show the side projections 






























that 3D reconstruction of the retinal vessels is feasible and may be useful in future 
studies of the retinal microvasculature in health and disease.  
 
 
(a)     (b) 
   
(c)     (d) 
Figure 3.16 3D reconstruction results of the centre-lines of the marked retinal vessels: 
(a) top view of the reconstructed vessels; (b) 3D view; (c), (d) side projections. 
3.3 Discussion 
3.3.1 Distortion  
It is known that distortions will occur when light goes through any imperfect lens. This 
problem is compounded by the multiple lenses of the fundus camera. Fig. 3.17 shows 
pictures of a chessboard taken by the Zeiss FF450 plus fundus camera with 300 and 500 
field of view respectively. It is clear that some straight lines in blue at the edges appear 
to be slightly curved due to distortion resulting from the imperfect lens of the fundus 








































can be seen in the image obtained with a 500 field of view than that with a 300 field of 
view. Therefore distortion is expected to occur in the retinal images acquired with the 
same camera.  
 
Figure 3.17 Planar chessboard captured by 300 field of view (left) and 500 field of 
view (right). 
 
Figure 3.18 (a) Illustration of the distortion in retinal images; (b) Distortion correction 
process with the chessboard; (c) Illustration of the distortion corrected in retinal 
images by using the chessboard. 
It is clear that distortion in captured retinal images is caused by the whole 
camera-eye optical system, which is difficult to correct with standard methods. 
Generally, distortion correction is based on photogrammetric calibration using objects 
with known 3D geometries such as chessboards (Zhang 1999, Wang et al. 1992), but 





obviously this is not suitable for the camera-eye system (see Fig. 3.18). Although 
Chanwimaluang et al. (2006a, b) attempted this to correct distortion in retinal images, 
what they corrected was the distortion caused by the camera optical system only. Of 
course there are auto-distortion correction methods which can rectify distortion based 
on the image itself (Cucchiara 2003), but such a method requires the presence of 
strong-contrast straight lines in the object, and the distortion correction is based on the 
relationship between them and their distorted curved lines in acquired images. However 
it is impossible to identify which retinal vessels or other parts in the human retina are 
originally straight.  
Because the Zeiss FF450 plus fundus camera we used is a telecentric system, with a 
300 field of view the distortion caused by the camera optical lens is insignificant (see 
Fig. 3.19). It is clear that in most areas of the images especially in the central area the 
distortion is negligible. As an acceptable presumption the distortion caused by the 
eye-camera systems has been ignored in the reconstruction procedure here.  
 
Figure 3.19 One image of a planar chessboard captured with 300 field of view (left), 
and the estimated distortion caused by fundus camera lens (right). 
Chessboards to calibrate 
fundus camera
Estimated geometry distortion









Figure 3.20 (a) The optical flow of the corresponding points of a pair of retinal images; 
Epipolar lines estimated by (b) 8-points algorithm, (c) normalized 8-points algorithm, 
(d) Gold Standard algorithm, (e),(f) RANSAC based LMedS algorithm, (g),(h) 
RANSAC based M-estimators algorithm. 





























































































3.3.2 Epipolar Geometry Estimation  
Table 3.2 Comparison of residual errors for different fundamental matrix estimation 
approaches. 








2'2' ),(),(1 . Here d(x, li) with li = Fxi or FTxi’ 
denotes the distance in pixels between a point x and the line li, and N is the total 
number of matched points. The residual error is the squared distance between the 
epipolar line of a point and its match point in the paired image, averaged over all 
matched points. Here the error is estimated from all N matched points, and not just the 
n match points used to compute F (Hartley and Zisserman 2003). 
According to the theory of estimating epipolar geometry by fundamental matrix, the 
correspondence between points from paired images is required first. Therefore, errors 
in the estimation of corresponding points in the two images would be propagated into 
further computation. The estimation of fundamental matrix is an important step, and 
many approaches have been developed, such as the simple 7-points algorithm, 8-points 
algorithm, normalized 8-points algorithm, geometric distance minimization algorithm, 
RANSAC (Random sample consensus) algorithm and so on (Hartley and Zisserman 
2003, Zhang et al. 1995, Zhang 1996, and Torr and Murray 1997).  
The 8-points algorithms, normalized 8-points algorithm, RANSAC based 
M-estimators algorithm, RANSAC based LMedS (Least Median of Squares) 
algorithm, and Gold standard algorithm, have been tested for the estimation of epipolar 
geometry from two retinal images here. Figure 3.20b-h shows the epipolar geometry 
Method Residual errors 
8-points algorithm 0.2730 
Normalized 8-points algorithm 0.1985 
Gold Standard algorithm  0.1925 
RANSAC based LMedS algorithm Not constant 
RANSAC based M-estimators algorithm Not constant 





results with different fundamental matrix estimation methods. Since the paired retinal 
images were obtained by moving the camera slightly, the epipoles of the images should 
be close to infinity, and the epipolar lines should be consistent with the correspondence 
shown in Figure 3.20a. Test results show that the Gold standard and normalized 
8-points algorithms produce good and repeatable results (Table 3.2); the RANSAC 
based LMedS or M-estimators algorithm could produce good results intermittently, but 
the results are not reproducible due to their initial random selection procedures.  
3.3.3 Self-calibration 
Table 3.3 The number of views m required under various conditions in order to 
provide sufficient constraints for self-calibration (data extracted from Hartley and 
Zisserman 2003). 
Condition Fixed nf Known nk Views m 
Constant internal parameters 5 0 3 
Aspect ratio and skew known, 
focal length and principal points vary 0 2 4 
Aspect ratio and skew constant, 
focal length and principal point vary 2 0 5 
No skew, all other parameters vary 0 1 8 
Principal points known, 
all other parameters vary 0 2 4, 5(linear) 
Principal points known, and no skew, 
all other parameters vary  0 3 3(linear) 
Principal points, skew, and aspect ratio 
known, all other parameters vary 0 4 2, 3(linear) 
As mentioned above, the intrinsic parameters of the eye-camera system cannot be 
estimated by a standard photogrammetric calibration method which makes use of an 
object with a known geometry; hence the self-calibration is employed here. According 
to equation (3.3), it is impossible to estimate all the parameters of the calibration matrix 
from the two available images without making further assumptions about parameters, 
such as the aspect ratio. Although some of the assumptions are reasonable, they will 
introduce errors which would affect the accuracy of the reconstruction result. Therefore 





if more images are available (see Table 3.3), the assumptions on intrinsic parameters of 
the calibration matrix could be reduced and more parameters could be estimated 
directly (Hartley and Zisserman 2003). But whether the reconstruction result would be 
more accurate will also depend on the algorithm used. 
For example, if there are five images available for the reconstruction, and we keep 
the assumptions used in the reconstruction above – aspect ratio 1=α , no skew s=0, 
and principal point (u0, v0) is at the centre of images, the estimation of the unknown 
focal length would be more accurate than that calculated from two available images. 
But if we change the assumptions for self-calibration, according to Table 3.3, there are 
at least six possible solutions available when there are five images available, and their 
corresponding results will be different too. Thus it is difficult to say which one would 
be more accurate than others without further evaluation.  
According to the assumptions about the intrinsic parameters, the only parameter 
which should be calculated here is the focal length. Four self-calibration approaches are 
tested for the estimation of focal length. The first approach is the degenerated linear 
method (Sturm 2001, Lao et al. 2004) in which the Kruppa’s equations, the 
fundamental of self-calibration, degenerate to one quadratic and two linear equations. 
So the focal length can be calculated directly by solving them with an estimated 
fundamental matrix. But this method is sensitive to the input fundamental matrix. Even 
if an appropriate fundamental matrix was chosen, its performance might not be as good 
as expected. The second method tested is the SVD of fundamental matrix method 
proposed by Lourakis and Deriche in 1999. It is based on SVD of the fundamental 
matrix F as TUDVF = . Here D (r, s, 0) is the diagonal matrix of singular values. The 
column vectors of U are u1, u2, u3, and v1, v2, and v3 are the column vectors of V. 
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The third method is the essential matrix based self-calibration approach described 
earlier. The results show that the performance of the simplified SVD method depends 
on the initialization of equation (3.15). If suitable initial values are chosen, the SVD 
method can produce similar results to the essential matrix based approach. The SVD 
method is more sensitive to the input fundamental matrix.  
The final method tested is an algorithm proposed by Hartley and Silpa-Anan (2002) 
to estimate both the focal length and principal point. Generally two images can only 
provide estimation for one internal parameter, e.g. focal length (see Table 3.3), 
therefore in order to estimate more parameters such as the principle points additional 
constraints should be added. According to the test, the recovered results with this 
algorithm is sensitive to the initial estimate of focal length and the weight factors in the 
additional terms of cost function used to estimate fundamental matrix F. 
3.3.4 Segmentation 
The first step of 3D reconstruction is to segment the centreline of retinal vessels from 
the original images. An enlarged view of a retinal vessel with marked centreline by the 
semi-automatic method (Martinez-Perez et al. 2002) adopted in this study is shown in 
Fig. 3.21. This method delineates the vessel centrelines by linking the centres of each 





central pixel along the vessel tree so that the centreline coordinates of vessels are the 
same as the central coordinates of vessel pixels. As a result if the interested vessels had 
even width in pixels (Fig. 3.22a), there would be an offset between the segmented 
centreline coordinates and the real ones. Whereas if the width of vessel in pixel was 
odd, an accurate segmented centreline could be obtained (Fig. 3.22b). Fig. 3.22c 
illustrates the modelled vessel centreline segmentation. In the upper part (I), the 
segmented coordinates of vessel centreline has half pixel offset from its real site, 
whereas in the lower part (II), the estimation of centre is accurate.  
 
Figure 3.21 An enlarged part of a retinal vessel with segmented centre points (red) 
and smooth centreline (green). 
  
Figure 3.22 Illustration of centreline segmentation: (a) vessel has even width in pixel; 
(b) vessel has odd width in pixel; (c) Mixed situation. 





The initial segmented results of retinal vessel centreline need additional smoothing 
and interpolation. Fig. 3.21 shows the segmented vessel centres marked in red and the 
corresponding smooth centreline in green. It is clear that the initial segmented result 
(red points) has a toothed distribution and the result after smoothing is more realistic. 
3.3.5 Further Evaluation of the 3D Reconstruction Procedure Using 
an Eye Phantom 
Figure 3.23 Configuration of model eye: (a) the model eye with support, (b) ‘L’ 
shaped chessboard, and (c) artificial retina on a spherical surface. 
Although it has been demonstrated in the previous experiment that the 3D 
reconstruction procedure developed here can reproduce the chessboard attached to a 
cylindrical surface, the involved optical system consists of the lens group of the camera 
only.  In order to test the 3D reconstruction procedure for the more complex 













at the front is employed. Tests have been performed on: 1) model eye with an ‘L’ 
shaped chessboard at the back; and 2) an artificial retina on a spherical surface.  
3.3.5.1 Model Eye with Chessboard at the Back 
Following the same procedure, firstly a series of “fundus” photographs (6 pictures) of 
the ‘L’ shape chessboard are captured from the model eye with 300 field of view (Fig. 
3.24).  
 
Figure 3.24 Image acquisition from the model eye: (a) a close display of the artificial 
lens and the light passing through; (b) side elevation of the model eye with ‘L’ shape 
chessboard labelled. 
 



















Figure 3.26 Results of the 3D reconstruction of the ‘L’ shaped chessboard: 3D view 
with recovered camera (left), and different views (right). 
Since the corners on the chessboard are the intersections of the edges of the black 
and white rectangles, they can be extracted and matched relatively easily (Fig. 3.25). 
Only the central regions were processed due to blurring at the border of the images. 
Based on the point correspondence obtained, the fundamental matrix for each pair of 
images was calculated by using the normalized 8-points algorithm. Subsequently the 
self-calibration algorithm was applied to derive the intrinsic parameters of the model 
eye-camera system by using all the fundamental matrixes ( 1526 =C ) found, however 
only two images were adopted for geometrical triangulation. Fig 3.26 shows the final 
reconstruction from different views. It is clear that the 3D result reproduces very well 
its original structure, although the reconstructed angle θ=1040 between the two 





































900 (see angle θ of View1 in Fig. 3.26), and there is a minor distortion in the projected 
image (see View2 in Fig. 3.26). By reviewing the reconstruction procedure, these 
deviations could be attributed to the combined influence of distortion caused by 
imperfect lens, and errors in estimation of epipolar geometry and recovery of the 
intrinsic parameters. 
3.3.5.2 Model Eye with Artificial Retina on a Spherical Surface 
 
Figure 3.27 An example of fundus image captured from model eye (a), and 
corresponding field of view estimated on the artificial retina (b). 
(b) (a) 
300






Figure 3.28 Example of corner detection and matching: large number of geometrical 
meaningless points identified based on image intensity (Top two); point 
correspondences and estimated epipolar lines (Bottom two). 
A similar attempt was made to capture a set of fundus photographs from the model 
eye with a fixed field of view of 300. Due to the imperfect artificial lens, only a 
narrow region in the fundus image of the artificial retina can be focused clearly (Fig. 
3.27). The situation is made worse by the sparse branches and low contrast between 
the artificial arteries and their gray background, resulting in the failure of 
Martinez-Perez’s semi-automatic method for vessel segmentation in order to provide 
sufficient and accurate matching pairs of fiducial points for epipolar geometry 
estimation. Instead, an automatic corner detection method based on local 
auto-correlation function of image intensity (Appendix A.3) was applied to extract 
adequate feature points. As a result, a large number of geometrical meaningless points 
were extracted (as shown in Fig. 3.28). The candidate points of interest are matched 





by the popular normalized cross correlation (NCC) approach - in a given searching 
range, the pair with maximal cross correlation value is selected as the best match 
points. Owing to many false matches, the calculation of fundamental matrix is carried 
out by a modified RANSAC algorithm based on plane-and-parallax as detailed below 
(Hartley and Zisserman 2003, Choe et al. 2006a, Chum et al. 2005). 
1. Apply RANSAC or RANSAC-M algorithm to preliminarily filter the outliers 
in the set of point-to-point correspondence. 
2. Apply RANSAC to calculate homography matrix H, and the one with largest 
support is kept for computing fundamental matrix F. Moreover the outliers of 
homography matrix are recorded.  
3. The epipole e’ is calculated as the intersection of lines formed by randomly 
picking two points correspondences ( 'ii xx ↔ ) from the outliers of H.  
4. The fundamental matrix is computed as [ ] HeF ×′= , and the solution with 
the biggest support size is selected as the final result.  
 
 
Figure 3.29 3D reconstruction result of the artificial retina from the model eye: 3D 




































Figure 3.30 Reconstruction of a baseball: baseball with fiducial points (Top two); 
reconstruction results with 3D view (Bottom left) and side view following the arrow 
direction (Bottom right)  
After obtaining the fundamental matrix of each paired set of retinal images, the 
intrinsic parameters of the model eye-camera system can be calculated by applying 
self-calibration. Similarly two images of this set were adopted for final triangulation of 
the 3D object coordinates. The results are displayed in Fig. 3.29. It is clear that the 
points recovered lie on an almost flat surface rather than a spherical surface; this is 
mostly likely caused by incorrect point correspondences detected with the automatic 
method and further defective epipolar geometry estimated from these correspondences. 
If the point correspondences were correctly estimated, the recovery of 3D geometry 
would be improved (see Fig. 3.25 and 3.26 for ‘L’ shaped chessboard reconstruction, 






































the same reconstruction procedure as that of the artificial retina). Moreover the 
curvature of the artificial retina surface which is close to the degenerated flat plane may 
be another factor constituting of the inadequate reconstruction.  
3.4 Summary 
In this chapter, an approach to obtain a 3D reconstruction of the retinal arteries from a 
pair of 2D retinal images acquired in vivo is presented. The results of 3D 
reconstruction show the centreline of retinal vessels and their 3D curvature. Based on 
the analysis shown, it is clear that the procedure is capable of reproducing the 3D 
structure of retinal arteries. However, a number of problems still exist and these must 
be resolved before the procedure can be used for further analysis. These problems are 
summarized below. 
1. Distortion correction of the whole eye-camera optical system: as in the model 
eye experiment, distortion can occur in fundus images due to a defective lens 
system; and this has a significant influence on the quality of reconstruction.    
2. Sparse feature points for epipolar geometry estimation: one difficulty in the 
reconstruction is to obtain adequate pairs of feature points from the retinal 
images. More accurate point correspondences will enhance the accuracy of 
the calculated fundamental matrix.  
3. Accurate estimation of the epipolar geometry: a narrow field of view 
combined with a mild curvature of the retina surface creates a situation which 
is close to the degenerated case for epipolar geometry estimation, rendering it 
difficult to calculate the epipolar geometry accurately. 
4. Accurate determination of the intrinsic matrix of the optical system 
consisting of eye lens and camera lens: this is difficult because of the relative 
alteration between the camera optical system and the eye optical system.  
 












In this chapter, a detailed 2D computational model is developed to simulate oxygen 
transport in a realistic retinal arterial network. The model includes convection and 
diffusion of both dissolved oxygen in the plasma and haemoglobin-bound oxygen. 
The geometrical outlines of the central retinal artery and its major branches were 
obtained from retinal images captured by a fundus camera. Smaller peripheral vessels 
indistinguishable from the images were represented by a structured tree generated at 
each of the outlets in the reconstructed network to model the heterogeneous anatomy 
of the downstream vascular bed, and equal exit pressures were assumed at the 
terminals of this virtual extended network. The non-Newtonian rheological properties 
of blood are incorporated by using an empirical viscosity model which accounts for 
the Fahraeus-Lindqvist effect. Numerical analysis of blood flow and oxygen 
distributions in a healthy retinal arterial network was performed and comparison was 
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4.1.2 Mathematical Models  
4.1.2.1 Flow Model 
In the present study, blood flow in the retinal arteries was assumed to be steady and 
governed by the Navier-Stokes equations for incompressible flow.  
0 V          (4.1) 
VpVV
 2)(           (4.2) 
where V

is the blood velocity; p is the pressure; ρ and  µ refer to the density and 
dynamic viscosity of blood respectively. 
 Since the diameters of the retinal arteries are less than 110 µm, the assumption of 
blood as an ideal homogenous Newtonian fluid would be invalid owing to the 
complex characteristics of blood, and its particulate nature has to be considered. In the 
microcirculation, the apparent viscosity of blood depends on both hematocrit and 
vessel diameter known as the Fahraeus-Lindqvist effect (Pries et al. 1990). To account 





















Drel    (4.3) 
645.006.0085.0
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   (4.5) 
where µrel (D, HD) is the relative viscosity defined as µ/µplasma. The viscosity of 
plasma is typically 1.2 mPa·s (Fung 1993). µ0.45 is the relative viscosity for a fixed 
discharge hematocrit (HD=0.45), D is the vessel diameter, and coefficient C describes 
the shape of viscosity dependence on hematocrit. Although hematocrit has been found 
to vary with radius in small vessels due to disproportionate distribution of red blood 
cells and plasma at bifurcations (phase separation effect), a constant hematocrit value 





of 0.45 was assumed here based on limited data from human retinal vessels (Iftimia et 
al. 2006). However, it is worth noting that direct measurements in the cat retina 
showed a significant increase in red blood cell density in the capillary networks when 
compared with larger retinal vessels (Jensen and Gluckberg 1998). Since the 
peripheral vessels were not modeled explicitly here, these data cannot be used 
directly.  The blood density was assumed to be 1050kg/m3 and the walls were 
assumed to be rigid.  
4.1.2.2 Oxygen Transport Model 
In blood there is a reversible dynamic reaction between the oxygen carrier, 
hemoglobin, and free oxygen in the plasma. This was modelled by including both the 
free oxygen dissolved in plasma and the oxygen carried by oxyhemoglobin. Coupled 
with the blood flow, the oxygen distribution in an artery is governed by the 
















  (4.6) 
where Pb is the oxygen partial pressure (PO2) in blood; αb is oxygen solubility 
coefficient; CHb is the oxygen carrying capability of haemoglobin in blood; Dp is the 
free oxygen diffusion coefficient in plasma; DHb is the diffusivity of oxyhemoglobin 
in red blood cells. Since the oxyhemoglobin is inside the red blood cells, DHb is 
usually interpreted as the diffusion coefficient of a red blood cell, which is effectively 
zero. However, in shear flow it is known that red blood cells undergo significant 
dispersion, which has been interpreted as a constant shear-augmented dispersion 
coefficient of a red blood cell (Moore and Ethier 1997). HD is the hematocrit, bV

 is the 






b PPPS          (4.7) 
where P50 is the half partial pressure of oxygen saturation in haemoglobin (SO2) and n 
is the Hill exponent.  
 





4.1.3 Boundary Treatment 
4.1.3.1 Flow Boundaries  
Owing to the limited resolution of the camera and the heterogeneous peripheral 
vascular bed, smaller arterioles indistinguishable from the image were represented by 
asymmetric structured trees with self-similar binary bifurcations (Fig. 4.2) at each of 
the visible network outlet (Fig. 4.3A). The same strategy has been adopted in the 
study of blood flow in large arteries to provide suitable outflow boundary conditions 
(Olufsen 1999, Olufsen et al. 2000, Steele et al. 2007). For a fractal tree, the 
asymmetry relationships between the radii of the parent rp and daughter vessels rdi 
(i=1, 2), are described as  

21 ddp rrr   , 2122 / dd rr         (4.8) 
where ξ is the junction exponent and β is asymmetry ratio. In order to complete the 
geometry of generated vascular trees, the length rule for a self-similar fractal tree 
described as the length to diameter ratio was adopted. Based on the analysis of retinal 
vascular morphology by Martinez-Perez (Martinez-Perez 2000) and Zamir et al. 
(1982), values for the asymmetry ratio and length to radius ratio (LR) were derived 




















    Table 4.1 Geometry parameters for the fractal tree model. 
Range β ξ LR 
d < 45µm 0.62 3 27 
d > 45µm 0.41 3 29 
     *d is the parent vessel diameter. 
 
 
Figure 4.3 Schematic structured tree. A. model, B. outflow boundary. 
In the visible retinal arterial network reconstructed from the digital image, the 
outlet diameters are in the range of 19~75 µm. Here we assumed that retinal arterioles 
with outlets smaller than 30 µm in diameter would reach an equal pressure Pend.  
Therefore all the outlets in the visible network with diameters greater than 30 µm 
were connected to an asymmetric structured tree generated for each outlet to represent 
its downstream vascular bed. The fractal tree extended until the mean diameter of the 
major daughter vessel (rd1) was less than 30 µm.  
In the structured tree, 2D channel flow was assumed to ensure consistency with 
the 2D steady flow assumption in the main visible retinal network. Pressure, which 
was derived from the total resistance of the fractal tree and corresponding volumetric 
flow, was specified as outflow boundary condition at each outlet (Fig 4.3B). The total 
pressure drop between outflow pressure P0 and terminal capillary bed pressure Pend  is 
given by  
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where Q0 is the volumetric flow rate at the outlet of the main network. The total 
resistance (R0) of each fractal tree was computed iteratively starting from the terminal 
branches where the relative pressure (Pend) was set to be 0.  
The mean blood velocity in the central retinal artery (CRA) has been reported as 
7.35 ± 2.7 cm/s (Mendivil et al. 1995) and 6.3 ± 1.2 cm/s (Dorner et al. 2002) (mean ± 
SD) in healthy young subjects based on noninvasive measurements using color 
Doppler imaging. Hence, a mean value of 7 cm/s was specified at the model inlet. The 
inlet velocity profile was assumed to be uniform, but due to the low Reynolds number 
a fully-developed profile was established over a streamwise length of less than one 
diameter.  
4.1.3.2 Oxygen Transfer Boundaries  
In vivo measurements of oxygen saturation (SO2) in retinal arteries of healthy 
volunteers showed that oxygen saturation in  first-generation retinal arterioles was 
96±9% (Hardarson et al. 2006), while more recent studies found this to be 97% in 
arterioles with 105 µm (Beach et al. 1999) and 100 µm (Delori 1988)  in diameter. In 
the subject-specific model employed here the inlet retinal artery has a size of 109 µm 
and is the first generation of the central retinal artery, therefore a uniform oxygen 
partial pressure (PO2) of 100 mmHg (corresponding to SO2=97.28% based on 
equation 4.7) was applied at the inlet. At the wall boundary, a continuous oxygen flux 
across the lumen-wall interface was assumed (Fig. 4.4), together with a constant 


















    
 (4.10) 
where wn
 is the normal vector of w , P0 denotes the oxygen permeability across the 
lumen-wall interface, and Pw the oxygen partial pressure in the vascular wall, which 
was set at 40 mmHg based on experimental measurement of oxygen tension in the 
retinas of cat (Buerk et al. 1993, Linsenmeier and Braun 1992) and other animals (Yu 
et al. 2005, Birol et al. 2007, Cringle et al. 2002). Assuming a constant Pw is a major 
simplification which will be discussed later. Other parameters for oxygen transport 
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Figure 4.9 Blood pressure drop at each outlet. 
It is known that the patterns of pressure drop and resistance are highly variable 
under different physiological or experimental conditions or in different vascular 
territories (Fronek and Zweifach 1975, Heistad 2001). Although there are no direct 
measurements of blood pressure drop in human retinal arteries, Glucksberg and Dunn 
(1993) measured blood pressure drops in the retinal arterial tree of cats, reporting that 
the pressure in retinal arteries with diameters > 50µm near the optic disc was 88-94 
mmHg, and the pressure in retinal arteries with diameters < 50µm was 60-65 mmHg 
when systemic arterial and venous pressures were 129±14 and 4±1 mmHg 
respectively. Moreover in their subsequent paper (Attariwala et al. 1994) the range of 
blood pressures in cat retinal arteries of 100 µm diameter was reported to be 
approximately 30-90 mmHg with normal intraocular pressure (IOP) between 10-20 
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mmHg, and the systemic blood pressure in these cats ranged between 77-167 mmHg. 
It is clear that the mean systemic arterial pressures for cats are higher than 
normotensive humans (mean arterial pressure ~ 93 mmHg).  If the pressure drop in 
arteries were expressed in percentage of systemic blood pressure drop, moving from 
arteries with diameters >50µm to arteries <50µm the blood pressure drop would be 
approximately 28/125 = 22.4% in the cat experiments of Glucksberg and Dunn 
(1993). Extending the same calculation to man (assuming capillary/venous pressure of 
human to be 25 mmHg) and on the basis of a pressure drop of 68 mmHg from the 
aorta to capillaries (i.e. 93 mmHg – 25 mmHg), then 22.4% of 68 mmHg is 15.2 
mmHg which is in close agreement with the estimated drop of 15 mmHg found in this 
study. 
4.2.3 Oxygen Distribution   
The result of oxygen distribution in the retinal arterial tree is shown in Fig. 4.10A. It 
is clear that oxygen concentration is high at the centre of the lumen and decreases 
towards the vessel wall, as expected. The drop of PO2 near the wall is caused by the 
combined effects of convection and diffusion of oxygen across the vessel, with the 
diffusion of dissolved oxygen at the lumen wall surface. Due to the efflux of oxygen, 
the average oxygen concentration decreases with the distance from the inlet, despite 
replenishment from the hemoglobin. Nevertheless, because of the dynamic reversible 
reaction between hemoglobin and free oxygen, when PO2 decreases in the vessel the 
oxyhemoglobin dissociates to release more free oxygen into the plasma as a result of 
the relationship described by the oxyhemoglobin saturation function, retaining a 
relatively stable oxygen concentration in the peripheral vessels.   
The PO2 profiles at different sections (defined by arrows in Fig. 4.5) are shown in 
Fig. 4.10B. The arrow direction is the same as the normalised radial direction. The 
PO2 profiles along the upper right branch are described in S2, S4, and S8, and the PO2 
profiles along the lower main branch are expressed by S1, S3, S5, S7, S9 and S14. Fig 
4.10B shows that the oxygen profiles are not always symmetrical, suggesting that the 
highest oxygen concentration does not always occur at the center, owing to the effect 
of vessel branching: the oxygen concentration profile redevelops after passing each 
bifurcation point resulting in higher oxygen concentration being skewed towards the 





inner side of the bifurcation. Moreover close examination of the profiles shown in 
Fig. 4.10B reveals that PO2 profiles are flat at the centre of the vessel but steep near 
the wall. That is because oxygen in plasma is treated as a free phase and can diffuse 
more easily from the centre of the lumen to the wall. However only a small proportion 
of the plasma oxygen is unbound of free; the remainder is bound as oxyhemoglobin in 
the red blood cells. Although the oxyhemoglobin binding is reversible, its dispersion 
rate depends on the diffusivity of red blood cells which is much slower than that of 
free oxygen in plasma. Therefore when the free oxygen molecules efflux at the 
lumen-wall surface, there is not enough free oxygen diffused from the centre of the 
lumen to compensate the loss. Moreover since the PO2 at the lumen side varies, 
asymmetric profiles of PO2 have been obtained, with a higher PO2 on the inner lumen 
wall, reflecting that the oxygen flux exchanged on opposite sides of the vessel wall is 
different, which is consistent with in vivo measurements, in that asymmetric 
intravascular SO2 profiles have been found in small arteries of rat cremaster muscle 
by Kobayashi et al. (Kobayashi et al. 2002, Kobayashi and Takizawa 2002). 
The mean values of oxygen saturation (SO2) for each vessel segment (Si, i=0 to 22) 
were calculated and compared with in vivo measurements made in healthy human 
retinal vessels (Schweitzer et al. 1999, Michelson and Scibor 2006). Results for SO2 
are summarized in Table 4.5. Schweitzer et al reported that mean SO2 in retinal 
arterioles (50-250 µm in diameter) was weakly dependent on vessel diameter 
(R2=0.0381, p=0.032) and varied in the range of 80-100% with an overall average of 
92.2 ± 4.1% (Schweitzer et al. 1999). Our numerical predictions gave similar SO2 
results for retinal arteries greater than 50 µm in diameter. For smaller arterioles (<50 
µm), our predictions gave a minimum average SO2 value of 68.5%, which was found 
in the distal minor branch (S20). Although there is a lack of detailed information on 
SO2 in smaller arterioles from in vivo measurement, our predicted minimum SO2 is 
higher than the average SO2 measured in retinal veins which was found to be 57.9 ± 
9.9% (Schweitzer et al. 1999) and 55.7 ± 6.8% (Michelson and Scibor 2006), 
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Table 4.5 Mean values of oxygen saturation (SO2) from model prediction 
Diameter (µm) <50 ≥50 
Range of SO2 (%) 68.5-92.8 88.7-96.9 
Mean SO2 (%) 82.2 93.1 
4.2.4 Model Assumptions and Limitations 
The retinal flow and oxygen transfer model involves a number of assumptions which 
are discussed below.  
1. A 2D network was constructed on a plane surface which preserves partial 
geometric information of the retinal network while ignoring its 3D 
characteristics. Since the Reynolds number of blood flow in the retinal arterial 
tree is low, the effect of 3D geometrical features on blood flow is likely to be 
insignificant. Also, both wall shear stress and mass transfer rates are evaluated 
on a quantity per unit area basis. Nevertheless, there will be quantitative 
differences between 2D and 3D results. The consistency of our 2D simulation 
results for oxygen distribution in the visible network, in comparison with the 
quoted experimental results, is encouraging. On the other hand, a simpler 1D 
or 0D model may also suffice for predicting flow and oxygen distributions for 
a given network geometry, even though it could not provide detailed velocity 
and oxygen profiles as shown here. The analysis of different dimensional 
models for predicting retinal hemodynamics will be explored in the Chapter 7. 
2. The network studied here comprises only the vessels visible with the present 
imaging facility which has a limited resolution and field of view. If a higher 
resolution camera for use with the existing ophthalmoscope became available, 
promising higher resolution and a wider field of view, it might offer imaging 
resolution down to capillary scale so that more downstream vasculatures could 
be included in the reconstructed arterial tree. The present model compensates 
for the lack of information on smaller peripheral vessels by representing these 
using asymmetric structured trees with self-similar binary bifurcations. The 
validity of this modelling strategy for arterial flow in the systemic circulation 
has been proved, but validation for the retinal circulation has not been done. 
We speculate that the errors involved in this simplification are relatively small, 





since the parameters describing morphological features of the structured tree 
were extracted from the visible network reconstructed from images.  
3. The flow was assumed to be laminar, which is a valid assumption as shown 
below. For typical retinal arteries with diameter of 100 µm, average velocity 
of smu /07.0 , the density of blood of 1050 kg/m3 and viscosity of 3cP,  the 













4. The flow was assumed to be steady but retinal blood flow is pulsatile. 
According to in vivo measurements of blood velocity in the central retinal 
artery, peak systolic velocities in normal subjects were found to be 12.6 ± 2.6 
cm/s (Mendivil et al. 1995), 11.25 ± 2.38 cm/s (Çaça et al. 2004), and 10.1 ± 
1.8 cm/s (Németh et al. 2002), whereas end diastolic velocities were 4.10 ± 0.8 
cm/s (Mendivil et al. 1995), 4.14 ± 1.01 cm/s (Çaça et al. 2004), and 3.5 ± 0.8 
cm/s (Németh et al. 2002). However in the large retinal artery similar with the 











where r is the vessel radius and ω the angular frequency with human heart rate 
assumed to be 60 beats per minute. When Nw < 1.0, viscous forces dominate 
the flow and the velocity profiles are quasi-steady.  Therefore, the assumption 
of steady flow is unlikely to change the findings of this study. 
5. A flat velocity profile smu /07.0  was applied at the inlet. This assumption 
was made based on the fact that for low Reynolds’s number flow a short 
entrance length is required for it to become fully developed. 
For the estimation of entrance length Le for laminar flow, several studies 
have been performed and various empirical or analytical expressions have 
been derived (Durst et al. 2005, Poole and Ridley 2007).  According to the 
description of blood flow in small cylindrical pipes by Lew and Fung (1970), 





for Re>50, the entrance length can be approximated as DLe  Re08.0 , 
whereas when Re was much less than 1 and close to 0, the entrance length 
tends to be independent of Re as Le = 0.065D. Durst et al. (2005) summarized 
the recent studies of entrance length for laminar flow in pipes, and proposed 
modified descriptions of entrance length not only for laminar flow in pipes but 
also for laminar flow in channels as  
Laminar pipe flow:    6.1/16.16.1 Re0567.0619.0 
D
Le  
Laminar channel flow:    6.1/16.16.1 Re0442.0631.0 
D
Le   
Moreover Poole and Ridley (2007) improved the study of Durst et al. 
(2005) on Le of laminar flow in pipes by investigating non-Newtonian flow 
obeying the power law, and developed an analytical expression valid in the 
range of 0.4<n<1.5 and 0<Re<1000 as 
Laminar pipe flow:      6.1/16.16.12 Re0567.003.1675.0246.0 MRe nnDL   
where n is the power low index, and ReMR=f(n) is a modified Reynolds’s 
number.   
In this study, the simulation is performed on a 2D retinal arterial network. 
According to the theoretical estimation of entrance length Le for laminar flow 
by Durst et al. (2005), with the Reynolds’s number estimated above we can 
obtain DLe 6538.0  for pipe flow and DLe 6543.0  for channel flow, or Le 
≈ 0.6D with n=1 according to Poole and Ridley (2007), or with the description 
by Lew and Fung (1970) Le is in the range of 0.065D to 0.196D. This means 
that owing to the low Reynolds’s number flow in the retinal circulation a full-
developed velocity profile could be established over a steamwise length of less 
than one inlet diameter. For the geometry studied, there is more than one 
diameter steamwise distance between inlet and the first bifurcation, therefore 
the flat velocity profile applied at the inlet will not influence the simulation. 
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greater on the retinal side of the vessels. Moreover, inner retinal PO2 in the cat 
was found to vary along the distance (Buerk et al. 1993). All these tend to 
suggest that assuming a constant oxygen flux across the wall together with a 
constant PO2 in the wall might be an oversimplification. However, there are no 
suitable data that can be implemented directly into the current model to 
account for these effects. It is encouraging to note that there is a good 
agreement between the SO2 results predicted by the model and in vivo 
measurement in healthy human retinal vessels for arteries >50 µm, although 
more detailed validations are needed for a full assessment of this assumption. 
4.3 Summary  
This chapter describes a detailed computational model for quantitative analysis of 
blood flow and oxygen transport in physiologically realistic retinal arterial networks. 
Such a model will allow us to examine the effect of topological changes in the retinal 
vasculature on hemodynamics and oxygen distribution in the retinal circulation.  
The model predicted pressure drops in the range of 11-14.6 mmHg between the 
inlet and outlets of the reconstructed network, and non-uniform oxygen tension which 
varied with the vessel diameter and distance from the optic disc. The mean oxygen 
saturation in retinal arteries was 93.1% for vessels larger than 50 µm in diameter, and 
82.2% for smaller arterioles. Our numerical results are in good agreement with in vivo 
measurements reported in the literature, demonstrating the potential of our model for 
prediction of oxygen distribution and intravascular oxygen tension profiles in the 
retinal arterial network. This paves the way for investigating the effects of parameter 
variation, simulating cases not available from experimental studies. 












In order to apply the 2D model proposed in Chapter 4 to individual subjects for 
quantitative assessment of the effect of vascular geometry on blood flow distribution, 
morphological parameters of the retinal arterial network need to be derived from 
different patient groups. In this chapter, the derivation of morphological parameters 
for hypertensive and diabetic groups, together with patient-specific analysis of flow 
and oxygen distribution in the retinal arterial network of these patient groups are 
presented. Morphological parameters were extracted from 12 hypertensive and 12 
diabetic subjects respectively. Then 2 hypertensive and 2 diabetic subjects were 
randomly selected for the study of blood flow and oxygen transport by applying the 
2D computational model described in Chapter 4 to subject-specific retinal arterial 
networks, and comparisons were made with results obtained from 2 normal subjects. 
Owing to the limited data included in the present study, no firm conclusions could be 





drawn on the differences among these subject groups, and the purpose of this chapter 
is to demonstrate the application of the methods. 






















































Figure 5.1 Segmentation and measurement procedure by RISA: (a) original retinal 
image; (b) retinal image processed by using scale analysis and region growing; (c) 
automatic segmentation results by RISA; (d) final segmentation result by manually 










5.1 Morphological Analysis 
In this section, the major morphological parameters of retinal arteries are analyzed. 
These include length-to-diameter ratio (LDR), junction exponent ξ, and asymmetry 
ratio β, which are required for the structured tree presenting downstream truncated 
vessels in the flow model, as well as other important geometrical properties, i.e. 
bifurcation angle θ, tortuosity T, and area ratio α.  
5.1.1 Image Acquisition and Processing  
Retinal images (1280×1030 pixels) were captured by a Zeiss fundus camera with 
another attached CCD camera from 12 patients with hypertension and 12 patients with 
diabetes. The population of the hypertension group were aged from 57 to 72 years (1 
female and 11 males), and the diabetic group from 57 to 67 years old (2 females and 
10 males). The retinal photographs used in the cause of this work were available from 
preceding studies of normal subjects and patients with hypertension and/or diabetes. 
These studies were performed in the clinical pharmacology department of St. Mary’s 
hospital and were approved by the St. Mary’s hospital ethics committee. All the 
subjects involved gave informed consent for the procedures. The characteristics of the 
study population are summarized in Table 5.1.  
Table 5.1 The study population 
 Mean systolic blood pressure (mmHg) 
Mean diastolic blood 
pressure (mmHg) Age 
Diabetes 135.72±12.35 77.50±7.72 61.50±4.06 
Hypertension 158.25±9.92 89.00±9.60 62.83±5.41 
* Expressed as Mean± SD 
Generally for each eye several retinal photographs with 30 degrees field of view 
are captured, including at least one image focusing on the bright optic disc and others 
on the four main retinal arterial branches. With the red-free digital retinal fundus 
photographs, geometrical properties of the retinal arteries were derived and analyzed 
by using RISA, a MATLAB based program developed by Martinez-Perez (2000). An 
example of such analysis is displayed in Fig. 5.1(c). The procedure of measuring 





geometrical properties of the retinal arterial tree by RISA can be summarised as 
follows: 
1. Import the original retinal images into Matlab; 
2. Segment retinal vessels by scale analysis and region growing method; 
3. Based on the automatic segmentation result, manually select the preferred arteries; 
4. Automatically extract the skeleton of final vessels; 
5. Automatically label and measure the vessel trees; 
6. Save both the directly measured and derived geometrical properties. 
5.1.2 Extraction of Retinal Arterial Geometric Parameters  
5.1.2.1 Geometrical properties  
In order to quantitatively assess the geometrical properties of the retinal arterial 
vasculature and obtain necessary morphological parameters for the peripheral 
structured tree model (see details in Chapter 4), the geometrical and topological 
features studied are listed bellow (Martinez-Perez 2000): 
d0
Straight length 
True length No=1 Ne=3
Skeleton point numbered 
with chain code




Figure 5.2 Schematic drawing of length measurement (A), and derivation of tree 
length (B) (Modified from Martinez-Perez 2000). 
 Lengths. Two lengths are directly measured in pixels from the skeleton of vessels 
(Fig. 5.2):  
o True length Lt: the skeleton length between the branch starting point (x0, y0) 
and its final point (x1, y1) as  





et NNL 20        (5.1) 
No and Ne are the number of pixels with odd and even direction codes 
along the skeleton, respectively. A pixel has one unit length in both 
horizontal and vertical directions.  
o Straight length Ls: the straight line distance between the starting point (x0, 




10 )()( yyxxLs      (5.2) 
 Area and Average diameter.  
o Area A: The closed area of a vessel segment is formed by drawing a circle 
centred at each bifurcation point, and a line tangential to the circle and 
perpendicular to the skeleton as shown in Fig. 5.3. The number of vessel 
pixels in this closed area is defined as the area A (the area of a pixel is 1). 
o Average diameter d: The average diameter is calculated by d = A/La, 
where A is the segment area and La the true length of the vessel skeleton 
between the two vertical lines (Fig. 5.3). 
 
Figure 5.3 Schematic drawing of area and bifurcation angle measurement (Martinez-
Perez 2000) 
 Angles. Each bifurcation angle is measured, at a distance of 5 times the radius of 
the bifurcation point, along the skeleton of the vessel, as shown in Fig. 5.3. 
o Bifurcation angle θ: 21   , where 011    and 202    are 
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 Length to diameter ratio (LDR):  The property to describe how the diameter of 
vessel length varies with its average diameter as 
d
LLDR t













Figure 5.4 Schematic drawing of an asymmetrical bifurcation, with a parent vessel of 
indices d0 and its daughters d1 (the major vessel) and d2 (the minor vessel) 







dd  , the cross sectional area ratio between the sum of two 
daughters and their parent vessel (see Fig. 5.4). 








d describing the degree of asymmetry between two 
daughter vessels. 
 Junction exponent ξ:  210 ddd  , the exponential relationship between the 
average diameter of parent and daughter vessels. According to Murray’s law 
(1926), for the optimal situation involving minimal energy cost a vascular 
bifurcation should satisfy 3 3 30 1 2d d d  (Zamir 1979). 
5.1.2.2 Rules of data selection  
According to the definition of LDR and tortuosity, it is clear that detailed information 
of each vessel segment is needed. Therefore in order to avoid inclusion of incomplete 
vessel length or inaccurate diameter measurement, the vessel segments connecting to 
either the inlet or outlets are excluded. Only complete segments as shown in Fig. 5.5 
are selected. For the analysis of bifurcation angle θ, the bifurcations associated with 
these complete segments were chosen. 











Selected integrated segment 
for LDR and T analysis
Selected bifurcation 
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Figure 5.5 Scheme of data selection for length/diameter ratio LDR, tortuosity T, and 














Figure 5.6 Scheme of data selection for junction exponent ξ, area ratio α, and 
asymmetry ratio β 
The calculation of junction exponent ξ, area ratio α, and asymmetry ratio β, 
requires geometrical information of both the parent and daughter vessels, hence, only 
bifurcations with complete parent and daughter vessel segments are selected, as 
displayed in Fig. 5.6. Furthermore as the junction exponent ξ is derived from 

210 ddd  , only those bifurcations that satisfy d0 > d1 ≥ d2, and yield a positive 
value for ξ are used.  
5.1.2.3 Measurement uncertainty 
The measurement uncertainty of this method (RISA), in terms of image resolution and 
its effect on measured vessel diameter (d), length (Lt), and length-to-diameter ratio 
(LDR), has been estimated. For all the 24 subjects (n=678), the measured average 
diameter (dave) is 7.8 pixels, and vessel length (Lave) is 158.1 pixels. The measurement 
errors δ for vessel diameter and length are assumed to be 1 and 2 pixels respectively. 
Hence the uncertainties are 12.8% (δd/dave) for diameter measurement and 1.27% 
(δLt/Lave) for length measurement. Therefore, the combined error in LDR 
measurement can be estimated as follows: 






















5.1.3 Study of Hypertensive Group  
Table 5.2 Group means and medians of length/diameter ratio LDR, tortuosity T and 
bifurcation angle θ (Hypertension, 12 subjects). 
n=346 LDR T θ 
Mean ± SD 25.26±19.05 1.075±0.042 84.83±17.47 
Median 20.30 1.074 83.68 
*n is number of vessel segments. 
 
Table 5.3 Group means and medians of junction exponent ξ, area ratio α, and 
asymmetry ratio β (Hypertension, 12 subjects). 
*n is number of vessel segments. 
Geometrical parameters are estimated from all 12 subjects, and are given as group 
mean and group median separately. The group mean and median values of LDR, 
tortuosity T and bifurcation angle θ are given in Table 5.2. Table 5.3 shows the results 
of junction exponent ξ, area ratio α, and asymmetry ratio β. The group mean of each 
parameter is found to be slightly higher than its median, suggesting that the data 
distribution of each parameter is non-uniform and skewed towards the larger value. 
Moreover high standard deviations are noticed for group means of LDR and θ, 
possibly due to the following reasons: 
1. Limited resolution of the acquired retinal images might have increased the 
uncertainty in obtaining the geometrical parameters in smaller branches. 
2. With a 30 degree field of view only part of the retina could be clearly focused, 
hence vessels outside the focus area are blurred, making it difficult to identify the 
real borders of vessel segments. 
3. The shadow of retinal vessels captured in the retinal images could further increase 
the difficulty of accurately defining vessel borders. 
4. Errors caused by projecting a 3D retina onto a 2D flat image plane would result in 
the measurement of vascular geometry being slightly different from its real value. 
n=41 ξ α β 
Mean ± SD 2.83±1.06 1.13±0.17 0.43±0.23 
Median 2.6031 1.12 0.42 





5.1.3.1 Subject-specific analysis 
 Length to Diameter ratio (LDR) 
Fig. 5.7 shows the subject-specific means and medians of LDR, and their data 
distributions. The summary of LDR analysis is given in Table 5.4. We can see that 
most data distribute in the range of 0~70, and all the 12 subject-specific means are 
larger than their corresponding medians (Fig. 5.7 Left) implying that all LDR data are 
skewed towards the larger value with large standard deviation (Fig. 5.7 Right).  
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Figure 5.7 Analysis of LDR (Hypertension): subject-specific means and medians 
(Left) and corresponding data distribution (Right).  
Table 5.4 Subject-specific length to diameter LDR (Hypertension) 
ID H1 H2 H3 H4 H5 H6 H7 H8 H9 H10 H11 H12 
Mean 31.0 30.8 22.5 21.5 26.3 30.3 24.8 27.3 24.2 26.3 18.1 38.3 
SD 27.1 19.1 16.0 13.5 15.2 16.4 23.9 14.7 15.3 19.0 16.7 29.3 
Median 22.7 27.7 19.5 18.7 22.7 27.7 16.9 24.0 22.8 21.8 14.4 29.6 
n 30 9 26 45 24 29 29 18 31 39 52 14 
*n is number of vessel segments for each subject. 
 Tortuosity T 
For tortuosity, the subject-specific means and medians together with the 
corresponding distribution are shown in Fig. 5.8, and the summary is given in Table 
5.5. According to the data distribution, except for the case H5 which has the highest 
mean tortuosity with an extreme value reaching nearly 1.45, most data sets of all other 
subjects scatter in a narrow range of 1 ~ 1.14.  
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Figure 5.8 Analysis of tortuosity (Hypertension): means and medians of each subject 
(Left) and corresponding data distribution (Right).  
 
Table 5.5 Subject-specific tortuosity T (Hypertension, 12 subjects) 
ID H1 H2 H3 H4 H5 H6 H7 H8 H9 H10 H11 H12 
Mean 1.09 1.07 1.08 1.07 1.13 1.09 1.09 1.07 1.06 1.06 1.06 1.08 
SD 0.03 0.03 0.03 0.03 0.10 0.04 0.04 0.03 0.02 0.03 0.03 0.05 
Median 1.08 1.07 1.08 1.07 1.09 1.08 1.08 1.07 1.06 1.06 1.07 1.08 
n 30 9 26 45 24 29 29 18 31 39 52 14 
 
 Bifurcation angle θ 
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Figure 5.9 Analysis of bifurcation angle (Hypertension): means and medians of each 
subject (Left) and corresponding data distribution (Right).  
Fig. 5.9 shows the means and medians of bifurcation angle θ for each subject as well 
as their data distribution. The subject-specific mean with values in the range of 71 ~ 





92 degrees are higher than their medians in the range of 69 ~ 90 degrees. The subject-
specific results of θ are summarized in Table 5.6.  
Table 5.6 Subject-specific length to bifurcation angle θ (Hypertension, 12 sbjects) 
ID H1 H2 H3 H4 H5 H6 H7 H8 H9 H10 H11 H12 
Mean 82.5 86.7 79.7 83.0 90.6 88.5 90.3 71.4 82.1 79.2 91.7 88.6 
SD 17.1 10.0 21.1 18.3 16.4 18.9 21.0 15.3 13.5 14.2 13.8 18.2 
Median 77.5 83.8 77.5 81.1 90.0 90.0 85.2 69.3 80.3 78.2 90.0 83.8 
n 30 9 26 45 24 29 29 18 31 39 52 14 
 
 Junction exponent ξ  
Although the junction exponent ξ cannot be measured directly, it can be calculated for 
each bifurcation according to the definition  210 ddd  , by minimising the function:      
)()( 210
 dddxg 
        (5.4) 
 
Figure 5.10 Junction exponent verses asymmetry ratio for each bifurcation 
(Hypertension). 
Fig. 5.10 shows the calculated junction exponent for each bifurcation as a function 
of asymmetry ratio β. The results of calculated subject-specific junction exponent are 
summarized in Table 5.7. It is clear that according to the rules of data selection not all 
the subjects have suitable data for this analysis owing either to all of the bifurcations 
of a subject containing a terminal outlet, or because a valid junction exponent value 





cannot be obtained (see Section 5.1.2.2). There are insufficient data from subjects H1 
and H12 for a valid estimate of ξ. Results show that except for the case H5, the 
calculated mean junction exponents of all the other remaining subjects are in the range 
of 2.24~3.25, which is close to 3, the theoretical value of an optimal vascular structure 
(Zamir 1979). 
Table 5.7 Subject-specific junction exponent ξ (Hypertension) 
ID H1 H2 H3 H4 H5 H6 H7 H8 H9 H10 H11 H12
Mean / 2.24 2.91 3.09 3.97 3.14 3.25 2.47 2.37 2.55 2.62 / 
SD / / 0.41 0.91 1.74 0.57 0.73 0.80 0.99 1.43 0.90 / 
Median / 2.24 2.91 2.81 3.62 3.20 3.13 2.33 1.94 2.04 2.69 / 
n 0 1 2 4 3 3 5 4 4 9 6 0 
Fig. 5.11 shows subject-specific means and medians of estimated junction 
exponent for each subject and their data distribution. As there are limited suitable data 
from each subject (see Table 5.7), the data distribution varies significantly from 
subject to subject.  
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Figure 5.11 Analysis of junction exponent (Hypertension): subject-specific means and 
medians (Right) and corresponding data distribution (Right)  
 Area ratio α  
The subject-specific results for area ratio α are summarized in Table 5.8, and Fig. 5.12 
shows the subject-specific mean and medians of area ratio α, together with data 
distribution for each subject. Apart from cases H4, H9, and H10, the subject-specific 
means and medians of all the other subject are almost identical (see Fig. 5.12 left), 
suggesting a nearly uniform data distribution for most subjects (Fig. 5.12 right).   
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Figure 5.12 Analysis of area ratio (Hypertension): subject-specific means and medians 
(Left) and corresponding data distribution (Right)  
Table 5.8 Subject-specific area ratio α (Hypertension) 
Subject H1 H2 H3 H4 H5 H6 H7 H8 H9 H10 H11 H12
Mean / 1.06 1.15 1.19 1.26 1.23 1.20 1.09 1.07 1.07 1.10 / 
SD / / 0.03 0.13 0.13 0.13 0.16 0.20 0.20 0.21 0.17 / 
Median / 1.06 1.15 1.14 1.29 1.24 1.17 1.07 0.99 1.01 1.12 / 
n 0 1 2 4 3 3 5 4 4 9 6 0 
 Asymmetry  ratio β  
Fig. 5.13 shows the subject-specific means and medians of asymmetry ratio β and the 
corresponding data distribution. These results are summarized in Table 5.9. 
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Figure 5.13 Analysis of area ratio (Hypertension): subject-specific mean and median 
values (Left) and corresponding distribution (Right)  
 
 





Table 5.9 Subject-specific asymmetry ratio β (Hypertension) 
Subject H1 H2 H3 H4 H5 H6 H7 H8 H9 H10 H11 H12 
Mean / 0.26 0.29 0.46 0.49 0.48 0.38 0.44 0.41 0.47 0.41 / 
SD / / 0.04 0.20 0.09 0.28 0.34 0.28 0.21 0.21 0.33 / 
Median / 0.26 0.29 0.49 0.46 0.43 0.21 0.42 0.37 0.48 0.40 / 
n 0 1 2 4 3 3 5 4 4 9 6 0 
5.1.4 Study of Diabetic Group  
The analysis of the diabetic patient group is based on the same methods as that 
applied on the hypertensive group. Table 5.10 and Table 5.11 list the group means 
and medians of the geometrical parameters estimated from 12 diabetic subjects.  
Table 5.10 Group means and median values of length/diameter ratio LDR, tortuosity 
T and bifurcation angle θ (Diabetes). 
n=332 LDR T θ 
Mean ± SD 20.10 ± 14.19 1.081 ± 0.0385 80.88 ± 15.48 
Median 16.52 1.077 79.88 
*n is the amount of selected sample data.  
Table 5.11 Group means and median values of junction exponent ξ, area ratio α, and 
asymmetry ratio β (Diabetes). 
* n is the amount of selected sample data. 
5.1.4.1 Subject-specific analysis 
 Length to Diameter ratio LDR 
Fig. 5.14 shows the subject-specific means and medians of LDR, and the data 
distribution for each subject. The summary of analysis is listed in Table 5.12.  Except 
for subjects D8, D9 and D10, similar subject-specific means and medians of LDR are 
observed from remaining patients (Fig. 5.14 left). Although subjects D8, D9 and D10 
have higher means and medians than others, the LDRs of most subjects are distributed 
within the range of 0~60 (Fig. 5.14 right). 
n= 35 ξ α β 
Mean ± SD 3.97±2.55 1.23±0.26 0.53±0.26 
Median 3.09 1.19 0.46 
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Figure 5.14 Analysis of LDR (Diabetes): subject-specific means and medians (Left)  
and corresponding data distribution (Right).  
Table 5.12 Subject-specific length to diameter ratio LDR (Diabetes) 
ID D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12 
Mean 17.9 19.9 19.3 15.0 23.0 18.3 16.1 29.6 44.7 29.3 15.6 15.6 
SD 11.0 10.7 12.6 7.6 12.2 11.9 10.3 23.6 22.6 15.6 9.7 10.7 
Median 14.7 19.1 17.6 17.0 21.2 15.8 15.1 22.0 46.2 32.5 13.5 14.8 
n 43 16 32 12 27 55 30 26 8 19 44 20 
 Tortuosity T 
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Figure 5.15 Analysis of tortuosity (Diabetes): subject-specific means and medians 
(Left) and corresponding data distribution (Right).  
For tortuosity, the subject-specific means and medians, together with corresponding 
distributions, are shown in Fig. 5.15. The analysis of T is listed in Table 5.13. It is 
clear that the subject-specific medians of tortuosity lie in the range of 1.070~1.084, 
which is a narrower range than that of average values (1.067~1.106).  





Table 5.13 Subject-specific tortuosity T (Diabetes) 
ID D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12 
Mean 1.106 1.086 1.077 1.084 1.093 1.067 1.071 1.077 1.073 1.072 1.085 1.07 
SD 0.057 0.037 0.039 0.041 0.053 0.027 0.023 0.039 0.013 0.016 0.032 0.014 
Median 1.084 1.077 1.073 1.078 1.082 1.071 1.077 1.076 1.074 1.07 1.08 1.076 
n 43 16 32 12 27 55 30 26 8 19 44 20 
 
 Bifurcation angle θ 
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Figure 5.16 Analysis of bifurcation angle (Diabetes): means and medians of each 
subject (Left) and corresponding data distribution (Right).  
Table 5.14 Subject-specific bifurcation angle θ (Diabetes) 
 ID D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12 
Mean 83.7 86.6 81.7 83.0 80.5 77.0 77.4 77.3 92.1 87.2 79.6 81.1 
SD 15.7 12.3 14.6 16.2 19.6 12.7 15.1 11.8 16.5 15.8 17.7 15.1 
Median 82.7 84.0 83.4 77.2 74.5 76.7 75.0 76.4 90.0 90.0 81.4 80.2 
n 43 16 32 12 27 55 30 26 8 19 44 20 
Fig. 5.16 shows the subject-specific means and medians of bifurcation angle θ as well 
as their distribution. The subject-specific mean lies in the range of 76 ~ 93 degrees 
which is slightly higher than their medians, lying in the range of 74 ~ 90 degrees. 
Murray suggested that the optimal value of the bifurcation angle of an artery was 
higher than 750 (Martinez-Perez 2000). The subject-specific results of θ are 
summarized in Table 5.14. 
 





 Junction exponent ξ   
Fig. 5.17 plots the calculated junction exponent for each bifurcation as a function 
of the asymmetry ratio. Similarly to the analysis of hypertension patients, the group 
means and medians of estimated junction exponents are displayed. We can see that 
most data have values approximating to 3; however, because of  the extra high ξ 
values estimated from subjects D3, D6, and D8 the group mean becomes larger than 
the group median (Table 5.15). Fig. 5.18 shows subject-specific means and medians 
of estimated junction exponent and the distribution for each subject.  
 
Figure 5.17 Junction exponent ξ as a function of asymmetry ratio β estimated from 
each bifurcation (Diabetes) 
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Figure 5.18 Analysis of estimated junction exponent (Diabetes): subject-specific 
means and medians (Left) and corresponding data distribution (Right)  
 





Table 5.15 Results of junction exponent ξ for each subject (Diabetes) 
 ID D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12
Mean 2.38 / 5.71 2.27 3.65 5.04 3.47 4.34 / 3.82 3.85 2.08
SD 0.62 / 4.76 0.05 / 3.36 2.23 / / 2.18 2.21 / 
Median 2.43 / 5.71 2.27 3.65 3.31 2.63 4.34 / 3.95 3.34 2.08
n 3 0 2 2 1 10 6 1 0 3 6 1 
*n is the number of selected samples 
 Area ratio α  
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Figure 5.19 Analysis of area ratio (Diabetes): means and medians of each subject 
(left) and corresponding data distribution (right).  
The subject-specific results of area ratio α are summarized in Table 5.16. Fig. 5.19 
shows the comparison of the means, medians and data distribution of area ratio α for 
each subject. 
 Table 5.16 Subject-specific area ratio α (Diabetes) 
 ID D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12
Mean 1.09 /  1.39 1.07 1.27 1.33 1.17 1.38 /  1.21 1.22 1.03
SD 0.17 /  0.44 0.00 / 0.30 0.27 / /  0.32 0.24 / 
Median 1.13 /  1.39 1.07 1.27 1.26 1.14 1.38 /  1.40 1.17 1.03
n 3  0 2 2 1 10 6 1 0  3 6 1 
*n is the amount of selected data for each subject 
 Asymmetry ratio β 
Fig. 5.20 shows the subject-specific means and medians of asymmetry ratio β plus the 
data distribution. Corresponding results are summarized in Table 5.17. A significant 
different distribution is observed between each subject.  





Table 5.17 Subject-specific asymmetry ratio β (Diabetes) 
ID  D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12
Mean 0.66 / 0.61 0.35 0.40 0.57 0.45 0.54 /  0.60 0.52 0.49
SD 0.19 / 0.35 0.13 / 0.31 0.30 / / 0.25 0.29 / 
Median 0.57 / 0.61 0.35 0.40 0.49 0.41 0.54 /  0.46 0.55 0.49
n 3  0 2 2 1 10 6 1 0  3 6 1 
*n is the sample number of each subject 
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Figure 5.20 Analysis of asymmetry ratio (Diabetes): means and medians of each 
subject (left), and corresponding data distribution (right). 
5.2 Analysis of Flow and Oxygen Transport 
In order to understand the influence of retinal vascular structure on blood flow and 
oxygen transport, the 2D numerical model described in Chapter 4 is applied here to a 
number of subject-specific retinal arterial networks for hypertensive and diabetic 
subjects, and comparisons are made with results obtained from normal retinal arterial 
networks. 
5.2.1 Results of Control Group 
In order to compare with the hypertensive and diabetic groups, two normal subjects 
are included in this study. N1 has already been discussed in Chapter 4. Fig. 5.21 
shows the flow distribution (as percentage of inlet flow) in each vessel segment in N1, 
and a power curve which best fits the numerical results. 




























Best fit with 6.5579e-005 D3.0337 (R2=0.95632)
 
Figure 5.21 Percentage mass flow in each vessel segment (N1) 
5.2.1.1 Subject N2 
Fig. 5.22 shows the retinal image of another normal subject N2. The retinal arteries 
marked in red are segmented out and analyzed.  
 
Figure 5.22 Retinal images of N2: Left, original retinal image; Right: the arteries 
studied are marked in red. 
Simulation results 
Similar model parameters to those adopted in the study of N1 for the structured tree 
are adopted here. The outlet flow boundaries (Oi) of N2 are summarised in Table 5.18, 
for which the pressure boundary estimated from the resistance of peripheral structured 
tree is applied at the outlets whose diameters are larger than 30 µm. Zero relative 
pressure is implemented at the remaining outlets, and P denotes relative pressure. 





Table 5.18 Summary of outlet boundary (N2) 
Average Doutlet < 30 µm > 30 µm 
Oi i=7,12 others 
Flow boundary P=0 ΔP=Q×Rdownstream 















Figure 5.23 Flow distribution in N2 
a. Flow distribution 












































Best fit with 3.5562e-005 D3.0301 (R2=0.9293)
 
Figure 5.24 Flow fraction of each outlet (left) and mass flow ratio of each vessel 
segment to inlet (right) (N2) 





The flow distribution of subject N2 
with velocity in the range of 0-
11cm/s is displayed in Fig. 5.23. Fig. 
5.24 shows the flow fraction of each 
outlet and the curve describing the 
relationship between flow ratio of 
each vessel segment and its diameter. 
Moreover low pressure drops 
between the inlet and each outlet in 
the range of 4.5-10 mmHg are 
















Figure 5.26 Oxygen distribution of N2 
b. Oxygen transport 
Fig. 5.26 shows the oxygen distribution in the retinal arterial network studied, and the 
average PO2 at each outlet is summarized in Fig. 5.27.  



























Figure 5.25 Blood pressure drop between 
inlet and each outlet (N2) 




































Figure 5.27 Average PO2 at each outlet (N2) 
5.2.2 Results for Hypertensive and Diabetic Subjects 
5.2.2.1 Model parameters 
Since LDR, ξ, and β are necessary for the structured tree boundary condition, these 
model parameters have to be determined before performing subject-specific flow 
analysis.  
a. Derivation of ξ and β 
Because of the small sample size for ξ and β in each subject, the group mean 
values are adopted for the subject-specific study. For hypertensive models, ξ = 
2.83 and β = 0.43 (see Table 5.3). For diabetic models, ξ = 3.97 and β = 0.53 
(see Table 5.15). 
b. Derivation of LDR  
As there are sufficient sample points for the calculation of LDR for each 
subject and LDR may vary with vessel diameter, instead of using a mean value, 
subject-specific LDR is used and this is described as a function of vessel 
diameter by the linear regression model:  
xbby 10          (5.5) 





here y denotes the value of LDR and x denotes the corresponding diameter. b0 
and b1 are the coefficients of the linear model and may be calculated by least-









b and xbyb 10      
where n is the number of observations, y and x  are the average values of the 
group data. 
The statistical adequacy of the linear regression model to fit the data 
(significance of regression) was assessed by testing hypotheses of slope b1 
H0: 01 b or H1: 01 b  
If the hypothesis test fails against H0, it means that there is no linear 
relationship between x and y, and an alternative model should be used to 
predict the real association. The analysis of variance used here is to test the 
significance of regression as (Montgomery and Runger 2002): 
Table 5.19 Analysis of variance for testing significance of regression 
Source of variation Sum of Squares df Mean Squares F0 
Regression SSR=b1Sxy 1 MSR= SSR/1 MSR/ MSE
Error SSE=SST-b1Sxy n-2 MSE= SSE/(n-2)  
Total SST n-1   
where 2)(  yySS iT  and 2)(  xxyS iixy  
Additionally the studentized residual and Cook’s distance of the data are 
analyzed here, since the occurrence of large residuals indicates the potential 
presence of outliers and large Cook’s distance of a data point suggests that it is 
influential and omission will make a large difference to the regression model. 
Generally if a value of Cook’s distance exceeds 1, this data point will be 
considered as an over-influential observation (Montgomery and Ranger 2002) 
and further checking will be needed. 
 
 













         (5.6) 
where iyˆ  is the fitted value, iih is the ith diagonal element of a hat matrix H 


























rcook                (5.7) 
where q equals df of regression plus one. 
5.2.2.2 Results for hypertensive patients 
Two hypertensive patients (H8 and H10) were randomly selected for this study.   
5.2.2.2.1 Subject H8 
Fig. 5.28 is the original fundus retinal image of H8. The arterial network studied is 
marked in red. 
 
Figure 5.28 Retinal images: Left, original retinal image of H8; Right: the studied 
arteries marked in red. 
 
 





Estimation of subject-specific LDR  








R y = - 0.436x + 50.25 (R2=0.437)




fit with all data
fit without  large residual data
 































Figure 5.29 Results of the linear regression (H8): measurement data and the linear 
regression models (top); scatter plot of studentized residuals against diameter 
(middle); scatter plot of Cook’s distance against diameter (bottom).  
Table 5.20 Analysis of variance for significance test of regression (H8) 
Source of variation Sum of Squares df Mean Squares F0 p 
Regression 1603.1 1 1603.1 12.41 0.003
Error 2607.1 16 129.2   
Total 3670.2 17    
 
The linear regression of LDR for subject H8 is shown in Fig. 5.29, and the 
significance test of regression is listed in Table 5.20. The test shows that the linear 









SS  1 ) shows that approximately 43.7% of the variability in the data is 
accounted for by the linear model. Although most of the morphology data has been 





measured and derived from the visible retinal arteries, it is assumed that the peripheral 
arterioles that are too small to be segmented from the images would follow the same 
morphological trend. In this regression analysis, a large studentized residual is 
observed (value 3.68). However, the corresponding Cook’s distance is less than one, 
suggesting that the data with large studentized residual is not influential on the 
regression line. Another regression line is calculated by excluding the large residual 
data in order to test the influence. As only minor difference is found between the two 
regression lines (see Fig. 5.29), all data are included in the final linear regression 
model to describe the relationship between diameter and length-to-diameter ratio as 
25.50436.0  xy         (5.8) 
Simulation results 
After performing the numerical simulation (see details in Chapter 4) for subject H8, 
the flow distribution, blood pressure drop and oxygen distribution can be obtained. 
Table 5.21 summarizes the boundary conditions for all the outlets (Oi) of H8. The 












Figure 5.30 Flow distribution in the retinal arterial network of subject H8 
 
 





Table 5.21 Summary of outlet boundary (H8) 
Average Doutlet > 30 µm < 30 µm 
Oi i=1,8,10,11 others 
Outlet boundary ΔP=Q×Rdownstream P=0 
* The diameters of visible outlets (Oi) are in the range of 22~43 µm. 
a. Flow distribution 




































Best fit with 0.0028236 D2.3703 (R2=0.94805)
 
Figure 5.31 Flow fraction at each outlet (left) and mass flow ratio to inlet of each 
vessel segment (right) (H8) 
The flow distribution for subject H8 
is given in Fig. 5.30. With an inlet 
velocity of 0.07m/s, velocity in the 
simulated arterial network is found 
to be in the range of 0-0.16 m/s. The 
influence of local geometry on flow 
distribution is clearly observed 
around the first two junctions after 
the inlet. Fig. 5.31 summarizes the 
flow fraction in each outlet and 
mass flow ratio in each vessel 
segment to the inlet. It should be 
mentioned that constant blood density is assumed, so that the mass flow ratio here is 
the same as volumetric flow ratio. At the bifurcation where O4 originates from, it is 
observed that nearly 21.2% of inflow enters the smaller daughter branch containing 


























Figure 5.32 Blood pressure drop between 
inlet and each outlet (H8) 





O4, whereas only 12.3% enters the larger branch, which further divides into 
downstream outlets of O5 to O8. By examining its geometrical structure, we note that 
outlet O4 is a very short branch with smaller diameter than the other daughter branch 
of the same bifurcation. This geometric feature dictates that there is much less distal 
resistance at O4 than in the other branch at the same level, hence it is easier for flow to 
pass through. It should be mentioned that this branch cannot be omitted from the 
simulation because of its strong influence on the prediction of flow distribution. The 
histogram in Fig. 5.32 shows that blood pressure drops between the inlet and each 
outlet vary in the range of 31-46 mmHg. 
b. Oxygen transport 
Fig. 5.33 shows the oxygen distribution in the entire visible network, and the 
corresponding PO2 at each outlet is displayed in Fig. 5.34. Although oxygen transport 
is strongly dependent on blood flow distribution, the differences in PO2 between 
outlets are not as significant as in flow ratio, because of the effect of the reversible 













Figure 5.33 Oxygen distribution of H8 





































Figure 5.34 Average PO2 at each outlet (H8) 
5.2.2.2.2 Subject H10 
The other hypertensive patient studied was H10. Fig. 5.35 shows the retinal image 
captured from the patient focusing on one main retinal arterial branch. The arterial 
network analysed is identified and marked in red. 
 
Figure 5.35 Retinal images of H10: Left, original retinal image; Right: the arteries 
studied marked in red. 
Estimation of subject-specific LDR  
Following the same procedure as described previously, the linear regression of LDR 
for Subject H10 is estimated as (see Fig. 5.36) 
42.51567.0  xy          (5.9)  





The significance test result of this linear regression is given in Table 5.22. According 
to the test of significance via the studentized residuals and Cook’s distance, LDR is 
found to be well described by the linear regression model. 












fit with all data
 


































Figure 5.36 Results of the linear regression (H10): measurement data and their linear 
regression (top); scatter plot of studentized residuals against diameter (middle); scatter 
plot of Cook’s distance against diameter (bottom).  
Table 5.22 Analysis of variance for significant test of regression (H10) 
Source of variation Sum of Squares df Mean Squares F0 p 
Regression 4773.2 1 4773.2 19.64 <0.001
Error 8992.3 37 243.0   
Total 13765.5 38    
Simulation results 
Table 5.23 summery of outlet boundary (H10) 
Average Doutlet >30µm <30 µm 
Oi i=4,8,12 others 
Outlet boundary ΔP=Q×Rdownstream P=0 
* The diameters of visible outlets are in the range of 20~34 µm. 





Table 5.23 summarized the boundary conditions for all the outlets (Oi) of H10, the 
















Figure 5.37 Flow distribution of H10 
a. Flow distribution 




































Best fit with 0.00022975 D2.9169 (R2=0.90354)
 
Figure 5.38 Flow fraction in each outlet (left) and mass flow ratio to inlet in each 
vessel segment (right) (H10) 
Fig. 5.37 shows the flow distribution in the studied retinal arterial network of H10 
with velocity in the range of 0-0.11 m/s. The flow fraction in each outlet and mass 





flow ratio to the inlet in each vessel segment are summarized in Fig. 5.38. Since O1 is 
the first outflow branch next to the inlet and has a small diameter (<30 µm), it has the 
highest outflow ratio among all the 
outlets. However, although nearly 
22.7% of flow passes through O1, 
most of the flow (77.3%) remains in 
the rest of the network and effuses 
from other downstream outlets. Fig. 
5.39 shows that blood pressure drops 
between the inlet and each outlet 


















Figure 5.40 Oxygen distribution of H10 
b. Oxygen transport 
Fig. 5.40 shows the oxygen distribution in the whole visible network, and the 
corresponding PO2 at each outlet is displayed in Fig. 5.41.  























Figure 5.39 Blood pressure drop between 
inlet and each outlet (H10) 




































Figure 5.41 Average PO2 at each outlet (H10) 
5.2.2.3 Results of diabetic patients 
Similar to the study of the hypertensive group, two diabetic subjects were randomly 
chosen (D7 and D8).  
5.2.2.3.1 Subject D7 
 
Figure 5.42 Retinal images of D7: Left, original retinal image; Right: the arteries 
studied marked in red. 
The studied retinal image of D7 is shown in Fig. 5.42, and the retinal arteries in red 
were segmented out and analyzed.  



















fit with all data
 

































Figure 5.43 Results of the linear regression (D7): measurement data and their linear 
regression (top); scatter plot of studentized residuals against diameter (middle); scatter 
plot of Cook’s distance against diameter (bottom).  
Table 5.24 Analysis of variance for significant test of regression (D7) 
Source of variation Sum of Squares df Mean Squares F0 p 
Regression 493.2 1 493.2 5.38 0.028 
Error 2568.23 28 91.72   
Total 3061.43 29    
 
Estimation of subject-specific LDR  
For the numerical simulation, the LDR was first estimated. Following the steps of 
linear regression, LDR of Subject D7 is described as 
06.28165.0  xy         (5.10) 
Table 5.24 gives the significance test result for this linear regression. The analysis of 
studentized residuals and Cook’s distance are displayed in Fig. 5.43. It is clear that the 





linear model is acceptable and there are no over-influential data points found for the 
linear fitting. 
Simulation results 
Based on the boundary conditions listed in Table 5.25, numerical simulation has been 
performed to yield the flow and oxygen distributions in the reconstructed retinal 
arterial network . 
Table 5.25 Summary of outlet boundary (D7)  
Average Doutlet <30µm >30 µm 
Oi i=3,5,10,11 others 
Outlet boundary P=0 ΔP=Q×Rdownstream 
* The diameters of visible outlets (Oi) are in the range of 23~71 µm. 

















Figure 5.44 Flow distribution for D7 
 
 













































Best fit with 0.00012871 D2.7382 (R2=0.9737)
 
Figure 5.45 Flow fraction in each outlet (left) and mass flow ratio to inlet in each 
vessel segment (right) (D7) 
Fig. 5.44 shows the flow distribution 
in the retinal arterial network studied. 
Although a uniform inlet velocity of 
7 cm/s is assumed, the velocity varies 
in the range of 0~11 cm/s as 
determined by local arterial geometry. 
Fig. 5.45 displays the flow fraction in 
each outlet and flow ratio to inlet for 
each vessel segment. It is obvious 
that nearly one-quarter of the blood 
flow enters the downstream outlet 
O8. That is because the main path connecting the inlet and O8 consists of the larger 
daughter branches of 5 bifurcations, and the angles between these larger daughter 
branches and their parent segments are close to 1800, meaning that there is low 
resistance to blood flow along this path. Moreover the blood pressure drops between 
the inlet and each outlet are estimated to be in the range of 7-12 mmHg as shown in 
Fig. 5.46.  
b. Oxygen transport  
The oxygen distribution in the visible network of D7 is given in Fig. 5.47. Fig 5.48 is 
the histogram of PO2 at each outlet.  
Figure 5.46 Blood pressure drop between 
inlet and each outlet (D7) 












































Figure 5.47 Oxygen distribution of D7 































Figure 5.48 Average PO2 at each outlet (D7) 
5.2.2.3.2 Subject D8 
Fig. 5.49 shows one of the fundus images of retinal arteries captured from subject D8.  






Figure 5.49 Retinal images of D8: Left, original retinal image; Right: the arteries 
studied marked in red. 
Estimation of subject-specific LDR  
The linear regression results for subject D8 are shown in Fig. 5.50, and the test for 
significance of regression is listed in Table 5.26. The test shows the linear regression 
model is acceptable (p<0.05) to describe the relation between diameter and LDR, and 
here approximately 15.7% of the variability in the data is accounted by the linear 
model. In this regression analysis, a large studentized residual is observed (value of 
3.77), but its corresponding Cook’s distance (0.23) is much less than one. The 
regression line fitted without these large residual data (3.77) plotted in Fig. 5.50 
shows that excluding these data does not affect the regression result. Therefore all 
data are included in the development of the relationship between diameter and LDR, 
which is given by 
74.66860.0  xy         (5.11) 
Table 5.26 Analysis of variance for significance test of regression (D8) 
Source of variation Sum of Squares df Mean Squares F0 p 
Regression 2185.4 1 2185.4 4.48 0.045 
Error 11706.1 24 487.8   
Total 13891.5 25    
 














R y = - 0.860x + 66.74 (R2=0.157)




fit with all data
fit without the large residual data
 

































Figure 5.50 Results of linear regression (D8): measurement data and its linear 
regression model (top); scatter plot of studentized residuals against diameter (middle); 
scatter plot of Cook’s distance against diameter (bottom).  
Simulation results 
In the study of subject D8, pressure boundaries estimated from the structured tree are 
implemented at all visible outlets of the retinal arterial network, as their average 
diameters are all larger than 30 µm (see Table 5.27).  
Table 5.27 summary of outlet boundaries (D8) 
Average Doutlet  >30 µm 
Oi all 
Outlet boundary ΔP=Q×Rdownstream 
* The diameters of visible outlets (Oi) are in the range of 32~58 µm. 













Figure 5.51 Flow distribution in patient D8 
a. Flow distribution 









































Best fit with 1.9348e-005 D3.5435 (R2=0.8516)
 
Figure 5.52 Flow fraction of each outlet (left) and mass flow ratio of each vessel 
segment to inlet (right) (D8) 
The flow distribution in the retinal arterial network of D8 is shown in Fig. 5.51, and 
the results of flow fraction are summarized in Fig. 5.52. According to the simulation, 
the velocity in the retinal arteries varies in the range of 0~12 cm/s. By comparing the 
outflow fraction of each outlet, it is observed that most blood flow (59.6%) goes out 
through O6, the shorter daughter branch of the first bifurcation next to the inlet. This 
may be caused by two reasons. Firstly, as  the distal resistance present at O6 is similar 





to that in S1 (see Fig. 5.53), flow division at the first bifurcation is more dependent on 
branching angle. Secondly, the angle between the parent and the shorter branch S0 is 
almost 1800, forming a relatively straight path for blood flow to pass through branch 
S0. On the other hand, the larger daughter branch S1 is almost perpendicular to the 
parent vessel which increases the resistance for flow through this branch. From the 
numerical simulation, blood pressured drops between the inlet and each outlet are 






















Figure 5.53 Illustration of geometrical features 























Figure 5.54 Blood pressure drop between the inlet and each outlet (D8) 





b. Oxygen transport  
The oxygen distribution in the visible network of D8 is given in Fig. 5.55, and the 
histogram of PO2 at each outlet is displayed in Fig. 5.56. The strong association 









Figure 5.55 Oxygen distribution of D8 































Figure 5.56 Average PO2 at each outlet (D8) 
 






5.3.1 Flow Distribution and Blood Pressure Drop 
Simulation results for all the subjects (2 for each of normal, hypertensive and diabetic 
groups) are summarized in Table 5.28. Also given in there are the relationships 
between normalized flow-rates and vessel diameters, expressed as: 
 DQQi 0/                   (5.12) 
where Qi is the flow rate at each outlet, Q0 is the flow rate at the inlet, and Φ and φ are 
the coefficients. It should be mentioned that as the density of blood is assumed to be 
constant, the ratio of volumetric flow rate is the same as that of mass flow rate. 
From Table 5.28, compared with the normal group, smaller arterial diameters and 
higher blood pressure drops are observed from 3 out of 4 patient cases (H8, H10 and 
D8), which is consistent with the known fact that abnormal morphological alterations 
of retinal vasculature, e.g. narrower diameter of arteries, are associated with 
hypertension and diabetes. 
Table 5.28 Results of flow distribution and blood pressure drop 







N1 6.5579×10-7 D3.0337 (R2=0.96) 12~15 ~110 --- 
N2 3.5562×10-7 D3.0301 (R2=0.93) 4~10 ~135 --- 
H8 2.8236×10-5 D2.3703 (R2=0.95) 31~46 ~85 163/86 
H10 2.2975×10-6 D2.9169 (R2=0.90) 21~26 ~86 156/95 
D7 1.2871×10-6 D2.7382(R2=0.97) 7~12 ~140 135/72 
D8 1.9348×10-7 D3.5435 (R2=0.85) 8~24 ~78 124/80 
* BP means blood pressure and R denotes the correlation coefficient. 
It would be more convenient to replace the average diameter (D) in equation (5.12) 
with its normalized value (
0D
D , where D0 is the inlet diameter) to yield a 











Qi . To help in discussion of these results, other 





morphological parameters are needed and these include: AI, the tree asymmetry index, 
and Rs, the surface area ratio. Definitions of AI and Rs are given as follows. 
AI, the tree asymmetry index, is defined as the average of the values of partition 











Ap       (5.13) 
where m is the number of branch points including the inlet point; r and s are the 

























Figure 5.57 Example of topological analysis of retinal vasculature: (a) segmented 
retinal arterial tree for D8, where EI refers to external-internal branches and EE means 
external-external branches; (b) corresponding schematic binary tree. [n] is the number 
of path length to terminal from each bifurcation point.  
 
Rs, the surface area ratio (Fig. 5.58), is defined as  
0A
ARs   and    )min()max()min()max(0 yyxxA        (5.14) 





where A0 is the surface area of a rectangle that just encloses the vascular tree, and A is 
the surface area of the actual vascular network. It is obvious that more branches and 




L = max(x) - min(x)
H = max(y) - min(y)
A
 
Figure 5.58 Schematic drawing defining parameters used to estimate Rs 

























N1: Best fit with 100.517 D3.0337 (R2=0.95632)
N2: Best fit with 99.5364 D3.0301 (R2=0.9293)
H8: Best fit with 105.632 D2.3703 (R2=0.94805)
H10: Best fit with 100.4383 D2.917 (R2=0.90354)
D7: Best fit with 95.8505 D2.7382 (R2=0.9737)
D8: Best fit with 94.9913 D3.5435 (R2=0.8516)
 
Figure 5.59 Relationship between normalised flow rate and normalised diameter  
In addition, morphological and topological parameters, Nb, the total number of 
branches, NT, number of terminal branches, EI, number of external-internal branches, 
EE, number of external-external branches (see Fig. 5.57), OD, the generation number 
of the branch in the entire vascular tree (see Fig. 4.2), were also calculated. The 





derived flow ratio verses diameter is shown in Fig. 5.59 and the results of patient-
specific morphological parameters are summarized in Table 5.29. According to the 
analysis, it appears that the exponent   (or  ) of the power curve describing flow 
fraction is less sensitive to the derivation procedure than coefficient ϕ (or  ), as ϕ will 
be different due to the different expressions (i.e. with D or normalised D). From 
regression results (see Table 5.28 and 5.29), similar flow-diameter relationships are 
observed among subjects N1, N2, and H10 in that the flow ratio shows an 
approximate power of three dependence on its diameter D or (D/D0), which is 
consistent with the results derived from in vivo measurement in normal human retinal 
arteries by Riva et al. (1985) that volumetric flow ratio shows a relationship with 
diameter as D2.76±0.16. However the flow-diameter relationships for H8 and D8 are 
rather different. Referring to the morphological structure, typical differences are 
observed in H8 and D8 that there are fewer branches, smaller surface area ratios and 
higher asymmetric network structures than in other subjects.  
















Qi  Nb NT EI EE AI Rs OD 
N1 100.517 x3.0337 (R2=0.96) 23 12 4 8 0.484 0.037 7 
N2 99.5364 x3.0301 (R2=0.93) 23 12 4 8 0.532 0.029 9 
H8 105.632 x2.3703 (R2=0.95) 21 11 5 6 0.665 0.023 9 
H10 100.4383 x2.9169 (R2=0.90) 25 13 5 8 0.506 0.025 8 
D7 95.8505 x2.7382(R2=0.97) 29 15 3 12 0.398 0.041 8 
D8 94.9913 x3.5435 (R2=0.85) 11 6 2 4 0.556 0.021 5 
*D/D0 is expressed as x. R, correlation coefficient; Nb, number of branches; NT, 
number of terminal branches; EI, number of external-internal branches; EE, number 
of external-external branches; OD, the number of generations included in the entire 
vascular tree. 
5.3.2 Oxygen Distribution 
Because oxygen is carried by the blood, its distribution will no doubt be affected by 
the flow pattern. The averages of PO2 at each outlet as a function of its normalised 





flow rate are displayed in Fig. 5.60, which shows a strong association between the 









2         (5.15) 






















Best fit with 30.9869 x0.28093 (R2=0.88642)






















Best fit with 27.4941 x0.30745 (R2=0.85566)
 





















Best fit with 34.3796 x0.22789 (R2=0.77999)






















Best fit with 25.0228 x0.37708 (R2=0.91923)
 






















Best fit with 36.0548 x0.26124 (R2=0.93918)






















Best fit with 20.3839 x0.34434 (R2=0.97717)
 
Figure 5.60 The average PO2 at each outlet against normalised flow rate. Upper left: 
N1; Upper right: N2; Middle left: H8; Middle right: H10; Lower left: D7; Lower 
right: D8. 





Table 5.30 summarized the exponent b of equation (5.15) for each subject. The 
PO2 at each inlet is assumed to be 100 mmHg. It appears that high PO2 exits at the 
outlet with high flow ratio. Due to the influence of the reversible dynamic reaction of 
oxyhemoglobin and the permeable wall, the decrease of PO2 has slowed down and 
becomes less significant than flow ratio (see Fig. 5.60).  
Table 5.30 Results of exponent b  
Subject N1 N2 H8 H10 D7 D8 
b 0.28 0.3 0.22 0.38 0.26 0.34 
R2 0.89 0.86 0.78 0.92 0.94 0.98 
* R is the correlation coefficient. 










Figure 5.61 Flow distribution in subject D8 with zero relative outlet pressure 
In the computational models employed here, distal smaller retinal arterioles that are 
indistinguishable from the acquired retinal images are represented by virtual 
structured trees and connected to the major visible arteries. A simple alternative, 
which has been commonly used in previous computational models of arterial 
bifurcations, is to impose a constant and uniform pressure outlet condition (e.g. zero 
relative pressure at all outlets). Therefore, it is necessary to evaluate the difference 
between the two types of outlet boundary treatment. Here the reconstructed model for 





subject D8 is chosen, which has 6 outlets all being larger than 30 µm. Comparisons of 
fractional flow and pressure drops at each outlet are summarized in Table 5.31. The 
flow distribution of D8 with zero relative outlet pressures is shown in Fig. 5.61. 
Table 5.31 Comparison of different outlet boundary conditions 
Location 
Boundary condition 
0 relative pressure  Structure tree (ΔP=Q×Rdownstream) 
ΔP (mmHg) F (%) ΔP (mmHg) F (%) 
O1 10.77 0.46 23.9 2.06 
O2 10.77 2.34 22.7 5.16 
O3 10.77 7.93 19.6 14.34 
O4 10.77 5.89 20.1 11.33 
O5 10.77 3.44 21.2 7.47 
O6 10.77 79.93 8.3 59.64 
* ΔP means blood pressure drop, and F denotes fractional flow. 
Results show that approximate 80% of the inflow would leave the network from 
O6 if a zero pressure outlet boundary condition were applied. On the other hand, 
results obtained  with the structured tree boundary condition show a less distorted 
flow distribution with approximately 60% of the inflow exiting at O6 (Fig. 5.62). The 
overestimation (by ~20%) of flow through O6 is due to the underestimation of distal 
flow resistance as a result of constant uniform pressure boundary condition imposed 
at all outlets. Moreover, higher and non-uniform blood pressure drops, which are 
more compatible with the physiological features of hypertension, are obtained by 
using the structured tree boundary condition. 















































Figure 5.62 Comparison of zero pressure and structured tree outlet boundary 
conditions for D8: Left, blood pressure drop; Right, normalized flow ratio. 





    In the present computational model, asymmetric structured trees are generated to 
provide more realistic pressure boundaries for all visible outlets (Oi) whose diameters 
are larger than 30 µm. A terminal diameter in the range of 20-30 µm is assumed 
where equal pressures are applied. This means that outlets smaller than 30 µm in 
diameter would have a zero relative pressure condition imposed there directly, 
whereas those with diameters larger than 30 µm would be connected to a structured 
tree generated to fit each outlet with zero relative pressure imposed at the terminal 
branch of the individual tree. By doing so, pressures at the outlets of the reconstructed 
main network vary from one to another, depending on their sizes.  
5.3.4 Effect of Inlet Flow 














































Figure 5.63 Effect of assumed inlet flow: Left, blood pressure drop; Right, normalized 
flow ratio. 
In the current study, a uniform velocity profile of 0.07 m/s (or 7.0 cm/s) is applied at 
the inlet, based on the measurement of velocity in a human central retinal artery (CRA) 
(Mendivil et al. 1995 and Dorner et al. 2002). However the inlet velocity may vary 
owing to different physiological conditions, e.g. the mean velocity in the CRA of 
diabetic patients was measured as 5.42±1.6 cm/s (Mendivil et al. 1995), or in the CRA 
of Behçet’s disease patient with ocular involvement, peak systolic velocity of 5 cm/s 
and end diastolic velocity of 3 cm/s were found (Çaça et al. 2004). Therefore, the 
effect of different inlet flow rates on predicted flow distribution and pressure drops is 
worth investigating. For this purpose, three different velocities (0.04 m/s, 0.07 m/s, 
0.10 m/s) are examined in subject H10. The results given in Table 5.32 and Fig. 5.63 
show that the percentage of flow through each outlet is not influenced by the change 





in inlet flow velocity, in other words, flow division among arterial branches is fixed 
for a given arterial network geometry and outlet boundary conditions. However, 
pressure drops are significantly affected by changes in mass flow, because a higher 
pressure gradient is required to drive an increased flow. 
Table 5.32 Results based on different inlet velocity 
Location 
Inlet velocity 



















in 100 14.4 100 25.2 100 36.0 
O1 22.72 0 22.71 0 22.70 0 
O2 6.02 0 6.02 0 6.02 0 
O3 3.44 0 3.44 0 3.44 0 
O4 6.65 2.1 6.65 3.7 6.65 5.2 
O5 15.08 0 15.08 0 15.08 0 
O6 8.78 0 8.78 0 8.78 0 
O7 7.39 0 7.39 0 7.39 0 
O8 4.85 1.9 4.85 3.3 4.85 4.7 
O9 1.12 0.0 1.12 0.0 1.12 0.0 
O10 1.51 0.0 1.51 0.0 1.51 0.0 
O11 3.68 0.0 3.68 0.0 3.68 0.0 
O12 7.01 2.0 7.02 3.5 7.02 5.1 
O13 11.76 0.0 11.76 0.0 11.76 0.0 
5.4 Summary 
Two parts of work are reported in this chapter: 1) the analysis of key morphological 
parameters of retinal arteries, and 2) study of blood flow and oxygen transport by 
applying the 2D computational model described in Chapter 4 to subject-specific 
retinal arterial networks derived from 2 hypertensive, 2 diabetic, and 2 normal 
subjects. By examining the numerical results together with the geometrical features of 
retinal arteries, it has been found that: 1) smaller retinal arterial diameter is associated 
with higher blood pressure drop; 2) retinal vascular network with fewer branches, 
smaller surface area ratio and higher asymmetry may cause the flow distribution to 
depart from the optimal configuration of the vascular system suggested by Murray’s 
law i.e. Q ~ D3 (Mayrovitz and Roy 1983); 3) oxygen distribution shows strong 
dependence on the flow distribution between branches. 










In order to compare the energy cost of blood flow in the retinal arterial network of 
normal and hypertensive subjects, 3D hypothetical models of a representative retinal 
arterial bifurcation were constructed based on topological features derived from 
retinal images. Computational analysis of blood flow was performed, which 
accounted for the non-Newtonian rheological properties of blood and peripheral 
vessel resistance.  
6.1 Methodology  
Two 3D hypothetical models representing normal and hypertensive retinal arterial 
bifurcations respectively were set up as displayed in Fig. 1. The hypothetical 
bifurcations are characterised by the branching angles θ1 and θ2, and the asymmetry 
relationships between the diameters of the parent d0 and daughter vessels di (i=1, 2), 
which are described by  





210 ddd   , 212 )/( dd          (6.1) 
where ξ is the junction exponent and λ is asymmetry ratio. 
Normal
d0=100µm














(d0)ξ =(d1)ξ +(d2)ξ : (ξ=2.83)
(d2/d1)2=0.43  
Figure 6.1 Hypothetical models for (a) normal subject, (b) hypertensive subject. 
The geometrical parameters to set up the hypothetical models are summarized in 
Table 6.1. The hypertension model was built based on the group means of 
morphological parameters derived from 12 hypertensive patients aged 62.83 ± 5.41 
years, mean systolic blood pressure 158.25 ± 9.92 mmHg and diastolic blood pressure 
89.00 ± 9.60 mmHg (Mean ± SD). The geometrical parameters were obtained using 
the method developed by Martinez-Perez (2000). For the model representing normal 
subjects, geometrical parameters derived from a series of studies were adopted. For 
the length-to-diameter ratio (LDR), various but compatible measurements on retinal 
arterioles were reported, as summarised in Table 6.1. It is clear that these results are 
reasonably consistent with each other; therefore, in the current study LDR=15 was 
chosen for constructing the hypothetical model for normal subjects. For the junction 
exponent ξ, although early studies showed some deviation from the optimum value of 
3 (i.e. 2.65 ± 0.18, means ± SEM; Stanton et al. 1995), recent studies suggested that 
the slight deviation could be ignored, and there was no difference between the 
measurement and its optimal value (Chapman et al. 2002, Hughes et al. 2009). 
Therefore, ξ was assumed to be 3.  Values for the asymmetric ratio and bifurcation 
angles were extracted from the study of Martinez-Perez (2000).  
 
 




Table 6.1 Morphological parameters of hypothetical models 
 Normal Hypertension 
LDR 15.00 (Martinez-Perez 2000) 25.26 
ξ 3.00 (Chapman et al. 2002,  
Hughes et al. 2009) 
2.83 
λ 0.43 (Martinez-Perez 2000) 0.43 
θ1 26.7 (Martinez-Perez 2000) 25.0 
θ1 59.1 (Martinez-Perez 2000) 59.9 
* θ1 is the bifurcation angle between the major daughter and its parent vessel; θ2 is the 
bifurcation angle between the minor daughter and its parent vessel.  
6.1.1 Flow Model and Boundary Treatment 
3D bifurcation
Virtual 








Figure 6.2 Illustration of the 3D hypothetical bifurcation and virtual downstream trees 
generated for outlet boundary condition 
In the present study, blood flow simulation was performed using the same strategy as 
described in Chapter 4. In brief, blood flow in the retinal arteries was assumed to be 
steady and governed by the Navier-Stokes equations for incompressible flow.  In 
microvessels such as the retinal arterioles (diameters ≤ 100 µm), the apparent 
viscosity of blood depends on both hematocrit and vessel diameter (Fåhræus & 
Lindqvist 1931; Quemada 1978; Pries et al. 1990); to represent this effect the 




empirical viscosity model proposed by Pries et al. (1996) was adopted. A constant 
hematocrit value of 0.45 was assumed here based on limited data on human retinal 
vessels (Iftimia et al. 2006). The blood density was assumed to be 1050 kg/m3 and the 
walls were treated as rigid and impermeable. Although each hypothetical model 
includes only one bifurcation, an asymmetric structured tree model with self-similar 
binary bifurcations was incorporated as part of the outlet boundary condition to 
represent downstream smaller arterioles and capillaries (see Fig. 6.2). This allowed a 
more realistic representation of the boundary condition at each outlet, where pressure 
derived from the total resistance of the structured tree and corresponding volumetric 
flow was specified.  
The total pressure drop between outflow pressure P0 and terminal capillary bed 
pressure Pend  is given as  
000 QRPPP end                    (6.2) 
where Q0 is the volumetric flow rate at the outlet. The total resistance (R0) of each 
structured tree was computed iteratively starting from the terminal branches where the 
relative pressure (Pend) was set to be 0. Here the structured tree was extended until the 
mean diameter of the major daughter vessel (d1) became less than 30 µm, and an 
equal pressure Pend was assumed at these terminals.  
At the inlet a mean velocity of 7 cm/s was specified (See Chapter 4). The inlet 
velocity profile was assumed to be uniform, but because of the low Reynolds number 
a fully-developed profile could be established over a streamwise length of less than 
one diameter (Wood 1972).  
6.1.2 Numerical Procedures and Computational Mesh 
Structured meshes (see Fig. 6.3 for normal subject) were generated for computational 
fluid dynamics (CFD) simulation of blood flow in the 3D hypothetical bifurcations. 
As the accuracy of CFD simulations depends on mesh resolution, in order to find a 
suitable mesh size for a mesh independent solution, mesh refinement was performed 
until differences in results computed from two successively refined meshes were less 
than 5%. As an example, the results of a mesh sensitive test of a normotensive subject 




based on pressure and velocity are shown in Table 6.2 with three mesh sizes: M0 - 
1,231,449 nodes and 1,185,876 hexahedrons; M1 - 1,296,958 nodes and 1,249,290 




Figure 6.3 Structured mesh of normal hypothetical model: (a) surface mesh; (b) cross-
sectional mesh at S1 
Table 6.2 Grid independent test of normotensive subject showing percentage changes 
in key parameters 
% 
Overall Inlet Outlet-1 Outlet-2 
pmax pmin Vmax pave pave Vave pave Vave 
|M1-M2|/M1 0.49 0 0.06 0.06 0.02 0.02 0 0.02 
|M0-M1|/M0 0.87 0.01 0.07 0.09 0.02 0.03 0.01 0.02 
where pmax and pmin are the maximum and minimum pressures respectively; Vmax is 
the maximum velocity; pave and Vave are the average pressure and velocity 
respectively. Outlet-1 and Outlet-2 describe the outlets of major and minor daughter 
branches respectively. 
6.1.3 Energy Cost  
For the 3D hypothetical cylindrical vessels, the energy cost Ei (i = 0, 1, 2 donates 
three branches) of blood flow passing through each branch mainly includes three parts 




(Mayrovitz and Roy 1983): the pumping power to overcome the viscous 
drag iiid pQE , , the energy consumption of blood iiim lamE 2,  , and the 
metabolic consumption of the vascular wall iiiiw lhanE 2,   as  
iiiiiiiiwimidi lhanlampQEEEE  22,,,      (6.3) 
where Qi is the volumetric flow rate, Δpi is the pressure drop of a vessel segment, ai is 
its radius, li is its length, hi is the wall thickness, and coefficients m and n are the 
parameters of maintenance and wall consumption cost respectively.  
Based on the Pries’ model the viscosity of blood is a function of vessel radius 
as  ii af  (see Equation 4.3), and the vessel length li is assumed to be a function of 
diameter as li = 2×LDR×ai. With the further assumption of constant wall thickness to 









  in a cylinder vascular branch according to Poiseuille’s law, the 








  3323, 82)(16        (6.4) 
According to Murray’s law, in a normal physiological vascular system each 
segment of vessel was supposed to have the optimum structure such that the cost 
energy Ei was minimal, and mathematically the optimal vascular radius ai,theo for 
known flow distribution Qi could be derived from the following conditions (Sherman 


















.      (6.5) 
Because of the complex empirical expression of µi, there is no analytical solution 
for ai,theo = g(Qi), thus the Equation (6.5) was solved numerically by using MATLAB. 
By substituting ai,theo obtained from Equation (6.5) into Ei,theo, the optimal energy cost 
of ith branch (Eopt,i) could be obtained. Hereafter by adding together Eopt,i of three 





















EEE        (6.6) 














it LDRankmpQEE       (6.7) 
where ∆pi is calculated for CFD simulation. And the additional energy Eextra required 
to overcome the resistance of blood flow caused by non-optimal structure is  
opttextra EEE           (6.8) 
In order to analyze the energy cost of blood transport in retinal arteries, the 
metabolism parameters should be determined first. Since blood includes three major 
formed components: red blood cells (RBC), white blood cells (WBC), and platelets 
(PL), the energy cost parameter describing maintenance power of blood could be 
estimated as m = 51.62 W/m3 based on the following: 1) in each litre of human blood 
there are approximately 4 × 1012 RBC, 4 × 109 WBC, and 1.5  × 1011 PL  (McGeown 
2002); 2) the oxygen (O2) metabolism rates (in µmol O2/h/1011 cells) are RBC 2.7, 
WBC 4000, and PL 86.3 (Diem and Lentner 1970); 3) at standard temperature and 
pressure 1 mole of any gas has a volume of 22.4 litres; and 4) energy available from 1 
µl O2 is approximately 2.093 × 10-2 J (Mayrovitz and Roy 1983). Finally, since there 
are no data on O2 consumption rate in the retinal arterial wall, in this study the oxygen 
consumption of rat mesenteric arteriolar wall i.e. 65 μl O2·cm-3·s-1 (Golub et al. 2007) 
is adopted as an approximation; therefore, with the above values the wall O2 
metabolism coefficient is obtained as n = 1.36 × 103 W/m3. Moreover, based on 
measurements of human retinal arteries derived from fundus images, the ratios of wall 
thickness to its diameter kw (or wall-to-lumen ratio) were found to be 0.34 for 
hypertensive and 0.30 for normotensive subjects (Baleanu et al. 2009). These ratios 
are larger than those in normal conduit arteries (where typical wall thickness to 
diameter ratio is approximately 0.1, e.g. Olson (1974) mentioned that at diastolic 




phase the wall thickness of human carotid artery is 0.075 of its inside diameter), but 
being central retinal vessels, the arterioles would be expected to have thicker media. 
The change between hypertensive and normal subjects may be the result of increased 
media/ lumen ratio (Ritt and Schmieder 2009).  
6.2 Results and Discussion 
Fig. 6.4 shows the flow division between the daughter branches in the hypothetical 
models. Division of blood flow at a bifurcation can be influenced by several factors: 1) 
the bifurcation angle; narrow angles present lower junction resistance; 2) the diameter 
ratio between two daughter vessels (asymmetric ratio); and 3) downstream vessel 
resistance. Therefore although the hypertensive model has a slightly smaller angle 
between the major daughter and parent vessels (θ1=25.00),  the fraction of blood flow 
passing through the major daughter vessel is lower than that of the normotensive 


























Figure 6.4 Flow division between the daughter branches in the hypothetical models. 
O-1 and O-2 represent the major and minor branches respectively. 




6.2.1 Energy Assessment of the 3D Hypothetical Bifurcation  
The energy costs of each vessel are given in Table 6.3 and the total energy cost of the 
3D hypothetical bifurcations are shown in Fig. 6.5 and summarised in Table 6.4. It 
appears that, compared with the normal bifurcation, the energy required for the 
hypertension model to sustain the blood flow is nearly doubled owing to the high 
resistance caused by its geometrical structure, i.e. high LDR. Considering the 
individual components of the total energy cost (Fig. 6.6), the real energy required to 
overcome the resistance of viscous drag (Ed) contributes more than 96% of the total 
cost. Therefore, much greater energy is consumed by the increased LDR. However, 
the corresponding theoretical energy cost with optimal geometry structure shows 
different balance between components so that the wall consumption (Ew) becomes as 
significant as the power required to overcome flow resistance (Ed). That is because at 
optimal situation as the estimated theoretical diameters are much larger than the real 
values (see Table 6.5), 1) with same flow rate (Qi), the pressure drop to drive blood 
becomes smaller than that calculated from 3D hypothetical models, hence less 
pumping power is required; 2) the wall energy consumption increases greatly due to 
the increased surface area (Fig. 6.6). 
Table 6.3 Energy cost of each vessel in the 3D hypothetical models 
(× 10-8  W) Vessel Normal Hypertension 
Estimated real energy cost (Ei) 
Parent 60.7 101.0 
O-1 38.0 64.0 
O-2 17.3 33.6 
Theoretical minimum cost (Eopt,i) 
Parent 22.2 39.6 
O-1 15.9 27.9 
O-2 5.9 11.1 
 
 
Table 6.4 Comparison of estimated real energy cost and theoretical minimum energy 
cost of the 3D hypothetical bifurcations 
(× 10-8  W) Normal Hypertension 
Estimated real energy cost (Et) 116.0 198.6 
Theoretical minimum cost (Eopt) 44.0 78.6 
Extra cost (Eextra) 72.0 120.0 
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Figure 6.5 Total energy cost of the 3D hypothetical bifurcations and the 
































Figure 6.6 Contribution of different energy cost terms: Ed - flow pumping power, Em - 
O2 consumption by blood, and Ew - the wall metabolism. (A) and (B) are real and 
theoretical energy cost for normal subject respectively. (C) and (D) are real and 
theoretical energy cost for hypertensive subject respectively. 




Table 6.5 Diameter of hypothetical model and corresponding optimal results based on 
same flow ratio  
Location Hypothetical model Optimal diameter Normal Hypertension Normal Hypertension 
d0 (µm) 100 100 175.87 172.23 
d1 (µm) 92.05 91.07 157.42 153.08 
d2 (µm) 60.36 59.72 112.66 112.30 
 
According to Murray’s law, a physiological vascular system tends to maintain the 
blood flow with minimum biological work (Gafiychuk and Lubashevsky 2001). 
Nevertheless molecular biology studies in recent years (Jacob 1977 and Landweber 
2007) suggest that evolution does not necessarily arrive at the most efficient structure, 
but leads to maintain a system that works. As the current simulation is based on the 
first two generations of a central retinal artery with high volume flow rates Qi, high 
extra energy cost is required to compensate for the effect of non-optimal structure (see 
Table 6.4 and Fig. 6.6). However if the same analysis were performed on a smaller 
bifurcation downstream, where the volume flow would be much less than that in the 





















Figure 6.7 Extra energy cost of the hypothetical bifurcation 






















Figure 6.8 The different energy between real cost and theoretical minimum cost 
(normotensive): Ed,extra - the difference of pumping power; Em,extra - the difference of 
blood metabolism; Ew,extra - the difference of wall energy consumption.  
6.2.2 Energy Assessment of the Retinal Tree  
Since the energy costs presented in the preceding section correspond to the first 
bifurcation only, it would be necessary to estimate the total real energy cost for the 
entire retinal tree. The real energy cost required to overcome flow resistance of the 
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treed,E         (6.9) 
where N is the number of branches, Qin is the inflow rate, and Δptotal is the total 
pressure drop between inlet and virtual downstream terminal branches (see Fig. 6.2). 
The real energy costs of the entire retinal arterial tree are calculated and given in 
Table 6.5, with the contributions of different components given in Fig. 6.9. It is 
obvious that the hypertension model has fewer peripheral branches than the normal 
tree. However the total energy required by the hypertension model is much higher 
than the energy needed by the normal model owing to the high flow resistance caused 
by long and narrow vascular structure (see Ed,tree in Table 6.6 and Fig. 6.9). Moreover, 
although Ed remains the dominant term of Et here, as more branches involved in the 



































Figure 6.9 Contribution of different energy cost terms to the overall energy cost of the 
entire retinal arterial tree 
Table 6.6 Total energy cost of the entire retinal arterial tree 
(× 10-8 J·s-1) Normal Hypertension 
Total real energy cost (Et,tree) 416.4 707.5 
Number of branches (N) 141 107 
6.3 Summary 
In this chapter, a quantitative analysis of the overall energy cost of retinal bifurcations 
is presented and comparisons are made between models representing normal and 
hypertensive retinal arteries. The differences appeared large, but there could be 
reduction in the effectiveness of the supply of oxygen and nutrients to the retina 
owing to the sparsity of the retinal network in hypertensive subjects (see Table 6.4 
and 6.6). For the first hypothetical bifurcation the total real energy cost of 
hypertension model is 71.2% higher than the normal model, but it reduced to 69.9% 
for the analysis of energy cost of retinal tree. Moreover comparison was performed to 
investigate the different energy cost of first generation bifurcation between real 
estimation from CFD simulation and theoretical cost. It is found that for a given flow 
distribution, the estimated theoretical diameters for an optimal configuration are much 




larger than the real geometry values, resulting in a new balance between different 
components that contribute to the total energy cost with a significant reduction in 
pumping power, but a large increase in wall consumption. 
 










Mathematical models adopted in the present study involve a number of assumptions. 
This chapter focuses on issues regarding model choices, assumptions and limitations, 
e.g. the choice of rheological models and advantages of different dimensional models. 
7.1 Effect of Different Rheological Models of Blood 
As the Pries’ in vivo model-I was adopted to describe the non-Newtonian behaviour of 
blood in small arteries, it would be important to understanding how different non-
Newtonian viscosity models might influence the predicted hemodynamics and oxygen 
transport. Here three commonly used viscosity models have been tested on a simple 
retinal arterial network (Fig. 7.1), these include:  1) the in vivo model-I proposed by 
Pries et al. (1994), 2) the Quemada model (Quemada 1978a, b), and 3) the continuum 
Generalized Power Law model (GPL) (Ballyk et al. 1994).  
 




7.1.1 Model Description 
A 2D retinal arteriolar network was derived by using the same image processing 
method presented in Chapter 4. Briefly, the human retinal arterial network was 
obtained from digital photographs of the retina captured in vivo by a Zeiss FF450+ 
fundus camera equipped with a Basler camera using a 30o field of view. Vessels were 














Figure 7.1 Vessel segmentation: original retinal image with segmented arteries 
marked red (left) and corresponding segmentation result (right). 
7.1.1.1 Flow model 
The 2D image-based computational fluid dynamics simulation was performed for 
steady and incompressible blood flow 
0 V          (7.1) 
)()( 2 VpVV
           (7.2) 
where V

is the blood velocity; p is the pressure; ρ and  µ refer to the density and 
dynamic viscosity of blood respectively.  
A constant haematocrit of 0.4 was assumed. Blood flow in the retinal arterial 
network was assumed to be steady with a uniform velocity of 0.07 m/s at the inlet. A 
constant relative pressure of 0 Pa was assumed at each outlet (Oi, i=1 to 6). A detailed 
description of Pries in vivo model-I has been given in Chapter 4. For the Quemada 




model, equation (2.14) is adopted in this study with parameters γc = 2.23 s-1, k∞ = 1.84 
and k0 = 4.65 when φ =0.4 (Quemada 1978b). The details of the GPL model have 
been presented in Chapter 2 with equations (2.8, 2.9 and 2.10).  
7.1.1.2 Oxygen transport model 
The oxygen transport model described in Chapter 4 with constant permeability 
vascular walls is adopted. In brief, oxygen transfer is governed by convection-
diffusion equation and the reversible dynamic reaction between the oxygen carrier, 
hemoglobin, and free oxygen in the plasma is considered.  




Fig. 7.2 shows the flow distribution in the retinal network, while the pressure 
distribution is displayed in Fig. 7.3. Although compatible results are obtained for 
Figure 7.2 Flow distribution in 
the retinal network: A. Pries, B. 
Quemada, C. GPL model. 
 




velocities which are in the range of 0 ~ 15.5 cm/s for the Pries model, 0 ~ 15.5 cm/s 
for the Quemada model, and 0 ~ 15.3 cm/s for the GPL model, there seem to be more 
noticeable differences in pressure which varies in the range of 0~1548 Pa by the Pries 




The viscosity distribution in the retinal network is shown in Fig. 7.4. As the 
average diameter of each vascular segment was adopted to evaluate viscosity from the 
Pries’ empirical model, in which the viscosity is described as a function of vessel 
diameter and hematocrit, the viscosity is found to vary in the range of 2.47 to 2.79 cP 
with a constant value in each vascular segment (Fig. 7.4A). However  both the 
Quemada and GPL models which depend on the shear rate, give non-uniform 
viscosity distributions with the highest viscosity along the vessel centreline (viscosity 
values varying in the range of 3.08 ~ 7.55 cP and 3.5 ~ 14.6 cP respectively). It is 
Figure 7.3 Pressure distribution 
in the retinal network: A. Pries, 
B. Quemada, C. GPL model. 
 




clear that the maximum viscosity estimated from either the Quemada or the GPL 







Predicted oxygen partial pressure in the retinal network is shown in Fig. 7.5. 
Similar to the flow distribution, there is no obvious difference between the three 
models. For the Pries, Quemada, and GPL model, the oxygen was found to vary in the 
range of 33.8 ~ 100 mmHg, 33.8 ~ 100 mmHg, and 33.9 ~ 100 mmHg respectively.  
Figure 7.4 Viscosity distribution 
in the retinal network: A. Pries, 
B. Quemada, C. GPL model. 
 








In order to investigate the influence of different rheological models on the velocity 
and oxygen profiles within the lumen, three cross-sections in the retinal arterial 
network were chosen for comparison (as defined in Fig. 7.1). Section 1 (S1) is located 
in the main vascular segment between the inlet and J1, the first generation of retinal 
arterial network with an average diameter of 116 µm. Section 2 (S2) sites at the vessel 
branch between J3 and J4, which is the third generation of retinal arteries with area-
average diameter of 86 µm. The last section 3 (S3) is placed in a small retinal artery 
between J2 and outlet O2, and the area-average diameter of this vessel segment is 48 
µm. 
Figure 7.5 Oxygen partial 
pressure in the retinal network: 
A. Pries, B. Quemada, C. GPL 
model. 



































































































Figure 7.6 Simulation results at the main retinal arterial section S1: A. Velocity 
profiles; B. Viscosity profiles; C. Blood pressure profiles; D. PO2 profiles. 
Figs. 7.6, 7.7, and 7.8 show the comparison of velocity, viscosity, blood pressure, 
and PO2 profiles at S1, S2, and S3 respectively. For the velocity profile, it is clear that 
there is no obvious difference in the large retinal arteries (see S1), but the distinction 
increases with the decrease in diameter (see S3). Regarding the viscosity, consistent 
with the contours shown in Fig. 7.4, the highest value was obtained by using the GPL 
model, and the lowest value was provided by the Pries model. Since pressure drops in 
the microcirculation, where a low Reynolds number laminar flow is generally 
assumed, are strongly related to the blood viscosity in such a way that high viscosity 
will result in high resistance hence high pressure drop, as expected the highest blood 
pressure drop in the retinal arterial network is observed under the GPL model 





































































































Figure 7.7 Simulation results at middle size retinal artery section S2: A. Velocity 
profiles; B. Viscosity profiles; C. Blood pressure profiles; D. PO2 profiles. 
For the oxygen transport, according to the convection and diffusion governing 
equation of mass transfer, oxygen delivery in the vessel lumen shows significant 
dependence on the blood flow distribution. Therefore in the large and medium size 
retinal arteries, the PO2 profiles show little difference due to the almost identical 
velocity profiles. However in the small retinal artery (see S3), higher peak velocity 
estimated by the Pries model results in a slightly higher PO2 profile.  
The comparison of volumetric flow (Q) is given in Fig. 7.10, where the ratio of 
volumetric flow rate in each segment to the inlet flow rate is plotted against the 
average diameter (D) of the corresponding segment. The best fit exponential curves, 
expressed as Q = kDn (coefficient k and n are constants), are also shown. It is clear 
that only negligible differences can be seen suggesting that the effect of different 









































































































Figure 7.8 Simulation results at small retinal artery section S3: A. Velocity profiles; B. 
Viscosity profiles; C. Blood pressure profiles; D. PO2 profiles. 


























Figure 7.9 Predicted pressure drops using different non-Newtonian models. 
A B 
D C 
































Best fit with 6.2633e-4 D2.5204
data3
Quemada
Best fit with 6.1935e-4 D2.5235
data6
GPL
Best fit with 6.6946e-4 D2.507
data9
 
Figure 7.10 Comparison of predicted volumetric flow ratio between different non-
Newtonian models 
7.2 Comparison with Lower Dimensional Models 
Lumped parameter models and 1D models have been widely used in cardiovascular 
flow analysis, especially for a system of multiple generations of branches. In this 
section, a 0D model for hemodynamics in the retinal arterial network is described, and 
results are compared with those from the corresponding 2D CFD simulations.  
7.2.1 Model Description 
The same retinal network as shown in Fig. 7.1 is adopted. The visible retinal arteries 
(marked in red) are represented by 0D virtual straight cylindrical vessels or channels 
respectively (see Fig. 7.11), which means that the effect of spatial geometry, e.g. 
bifurcation angles and vessel curvature, on flow distribution is ignored. In the 0D 
model, vessel segments are described by the length and average diameter of each 
vessel segment measured from the retinal image (Fig. 7.12). 































Figure 7.11 Model scheme: A. visible retinal arteries; B. retinal arteries represented in 
the 0D models. 
In addition to the branches generated for the visible retinal arteries, the 0D model 
also includes the artificial structured trees (see T1 to T6 in Fig. 7.11) representing the 
peripheral vessels that are indistinguishable from the retinal image. The self-similar 
structured trees (T1 to T6 in Fig. 7.11) follow the asymmetry relationship between the 
radius of the parent vessel rp and those of the daughter vessels rdi (i=1, 2), described as 

21 ddp rrr  , 2221 / dd rr        (7.3) 
where ξ and λ were set as 2.9 and 0.9 respectively (Steele et al. 2007). The ratio of 
length to radius Lr was set to be 20 (Zamir 1999). The structured trees have a terminal 
diameter of 20µm and are connected to the major visible arteries.  
 
Figure 7.12 Schematic diagram of deriving geometrical parameters 




7.2.1.1 Flow simulation 
The non-Newtonian rheological behaviour of blood is represented by the Pries in vivo 
model-I with a constant hematocrit (H=0.4). 
If the 0D vascular branches were modelled as channels (Fig. 7.13), the steady flow 
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where a is the ½ of channel height , h is the depth of channel, and L represents the 




Figure 7.13 Schematic diagram of a channel (left) and cylindrical vessel (right) 
Otherwise if the 0D arterial branches were represented as cylindrical tubes (Fig. 7.13), 










       (7.5) 
where a is the radius of cylinder and L is the length (Appendix A.5). 
According to mass conservation (Fig. 7.14) and the assumption of constant blood 
density, at each bifurcation we have 
012,12,1,   ininin QQQ         (7.6)  
where Qn,i  represents the  volume flow at the ith branch of nth retinal arterial 
generation.  
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Figure 7.14 Definition of symbols used in the mass conservation 
Similar to the 2D model, a uniform velocity (u) estimated from the central retinal 
artery of 0.07m/s was specified at the inlet. At the outlet, zero relative pressures are 
assumed. 
7.2.2 Results and Discussion 
     
Figure 7.15 CFD simulation results: flow distribution (left) and details at first and 
second bifurcations (right). 
7.2.2.1 Flow distribution 
In order to compare the result with 2D CFD simulation, the depth h in the 0D channel 
model has the same value as the one-layer mesh depth in 2D CFD model (h= 
6.79052µm). The CFD results are shown in Fig. 7.15, while Fig. 7.16 shows the 
volumetric flow ratio (ratio of volumetric flow rate in each segment to that at the inlet) 
as a function of vessel diameter for different models. It appears  that the 0D channel 
flow model provides very similar results to those of the 2D CFD model — not only 




for the fractional flow in each branch, but also the best fitted curves (Table 7.1). For 
the 0D cylinder model, although differences are more noticable than the 0D channel 
model when compared with the 2D CFD results, they are relatively small and 
acceptable. Therefore it can be concluded that both 0D models (for channel and 
cylindrical flows) are capable of producing comparable results to the 2D CFD model 
for predicting blood flow distribution in terms of flow division in the retinal network. 
Moreover since the 0D cylindrical model could be considered as a representative of a 
simplified 3D model if local geometrical variations were ignored, it may be 
reasonable to claim that under the low Reynolds number and steady flow conditions 
flow distribution in a 3D retinal arterial network could be predicted by lower 
dimensional models including both the 2D and 0D models. 
Table 7.1 Results of flow distribution 























In the 0D models, however, the influence of local geometry on flow distribution 
within the vessel lumen, particularly the axial velocity profiles, cannot be resolved. 
The 0D models assume parabolic velocity profiles (see equations 7.5 or 7.4) along the 
axial direction within each vessel segment. Moreover the 0D model does not take 
account of the influence of bifurcation geometry. Based on the 2D CFD simulation 
results, the influence of local geometry on flow patterns is obvious (see Fig. 7.15) 
which will affect other flow related parameters, such as shear stress. As a result when 
the accurate 3D geometry is unavailable, 2D models incorporating realistic vessel 
curvatures and bifurcation angles can provide a better approximation of the true flow 
field than 1D or 0D models, 

























Best fit with 0.0038353 D2.1409 (R2=0.98333)
2D channel Simulation data
Best fit with 0.0017719 D2.2957 (R2=0.93082)
CFD 2D Simulation data
Best fit with 0.0019832 D2.2764
 
Figure 7.16 Comparison of volumetric flow ratio obtained from three models 
7.2.2.2 Pressure drop 
Accompanied with flow distribution, pressure drops between the inlet and outlet are 
also investigated. In the 0D models with a constant hematocrit assumption, the flow 
division will not be affected by change in inflow rate owing to the fixed resistance and 
geometry of each vessel segment, whereas more inlet flow will result in higher 
pressure drop between the inlet and outlet. The pressure drops calculated from the 
three models are shown in Fig. 7.17. It is clear that for the same inlet velocity of 7 
cm/s pressure drop estimated from the 0D channel model is close to that obtained by 
the 2D model, nevertheless a much higher result is given by the 0D cylinder model. 
That is because the 0D channel model has the same inlet flow rate (Q = 2vah = 3.3 
µl/min) as the 2D model, but this flow rate is much lower than that in the 0D cylinder 
model (Q = vπr2 = 44.2 µl/min). If the same inlet flow as in the 0D channel model was 
applied to the 0D cylinder model, an opposite was found (see Fig. 7.17 and Table 7.2), 
i.e. pressure drop estimated by the 0D cylinder model ( cylinderΔp )  is lower than that 




obtained from the 0D channel model ( channelΔp ) due to the higher resistance of each 


















      (7.7) 
where Rchannel and Rcylinder are the resistance of 0D channel and cylinder model 
respectively. 
It appears that for the same inflow (Q = 2vah), both 0D channel and cylinder 
models offer lower pressure drop than the corresponding 2D model. That is because in 
the 0D models the resistances to blood flow are underestimated due to the exclusion 
of geometrical details of the retinal arteries, e.g. the presence of bifurcation would 
incur extra energy lost (hence pressure drop) for blood flow to pass through it.  





Δps  , along each flow path is independent of the inflow and only 
related to the resistance (Table 7.2).  
Table 7.2 Pressure drops calculated using the 0D model for two inlet flow rates  
Location 




ΔpsΔpchannel Δpcylinder Δpchannel Δpcylinder 
O1 37.25 15.26  12.29 5.04 2.44 
O2 34.06 12.63  11.24 4.17 2.70 
O3 23.26 6.38  7.68 2.11 3.65 
O4 31.14 10.18  10.28 3.36 3.06 
O5 33.68 10.72  11.12 3.54 3.14 
O6 34.89 11.43  11.51 3.77 3.05 
* Q=10 µl/min was estimated from the measured flow rate in human retinal arteries 
with diameters in the range of 100-120µm (Riva et al. 1985, Quigley and Cohen 
1999). 
 



































Figure 7.17 Comparison of pressure drops predicted by different models 
7.3 Summary 
According to the analysis in this chapter, it has been found that:  
 The choice of non-Newtonian models has a greater effect on pressure drops 
than on the flow distribution and oxygen transport in the retinal network, and 
the latter effect can be ignored in the larger retinal arteries, but becomes 
important in the small retinal arterioles.  
 The continuum rheological models that are well suited for large arteries (e.g. 
Quemada and GPL models), may overestimate the blood viscosity in retinal 
arteries, as much higher viscosity is obtained from these models than that with 
the Pries model which has been widely used for  the microcirculation. 
However as the viscosity is assumed as a function of diameter and hematocrit, 
the viscosity profile calculated from the Pries model is far too homogenous to 
be realistic.  




 0D models can provide comparable results for flow distribution to the more 
realistic 2D CFD model, suggesting that the spatial geometrical complexity, 
i.e. spatial curvature and bifurcation, may not have a significant effect on flow 
distribution in the retinal arterial network, and hence flow distribution in 3D 
retinal arteries may be predicted by lower dimensional models.  
 In the absence of detailed 3D geometry, the 2D image-based model 
incorporating subject-specific geometrical information is more desirable than 
the 0D models, owing to its capability of providing spatial flow profiles within 
the vascular lumen.  











This thesis contributes to the development of the following two areas: 1) 3D 
reconstruction of the retinal arterial network based on photographic images of the 
retina, and 2) computational modelling of blood flow and oxygen transport in retinal 
arterial trees. Firstly an attempt was made on the 3D reconstruction of retinal arteries 
by using subject-specific retinal fundus photographs. Subsequently a detailed image-
based 2D computational model was developed to simulate blood flow and oxygen 
transport in a realistic subject-specific retinal arterial network extracted from retinal 
photographic images. The image-based computational model was then employed for 
patient-specific study after the derivation of necessary morphological parameters of 
retinal arteries for hypertensive and diabetic patients. Finally, the effect of various 
rheological models of blood on predicted flow and oxygen distributions in a retinal 
arterial network, and the use of alternative low dimensional models were investigated. 
The main conclusions of the work are summarized as follows. 
 3D reconstruction based on photographic images 
The method developed shows feasibility of obtaining a 3D reconstruction of retinal 





arteries by using in vivo retinal images acquired using a Zeiss fundus camera. 
However, a number of problems still exist and these must be resolved before the 
procedure can be used for further analysis. These problems are summarized below.  
1. Distortion correction of the whole eye-camera optical system: as in the model 
eye experiment, distortion can occur in fundus images due to a defective lens 
system; and this has a significant influence on the quality of reconstruction.    
2. Sparse feature points for epipolar geometry estimation: one difficulty in the 
reconstruction is to obtain adequate pairs of feature points from the retinal 
images. More accurate point correspondence will enhance the accuracy of the 
calculated fundamental matrix.  
3. Accurate estimation of the epipolar geometry: a narrow field of view 
combined with a mild curvature of the retina surface creates a situation which 
is close to the degenerated case for epipolar geometry estimation, rendering it 
difficult to calculate the epipolar geometry accurately. 
4. Accurate determination of the intrinsic matrix of the optical system 
consisting of eye lens and camera lens: this is difficult because of the relative 
alteration between the camera optical system and the eye optical system.  
 Computational model for retinal arterial flow and oxygen transfer 
The computational model developed represents the first in the literature for numerical 
simulation of blood flow and oxygen transfer in a realistic retinal arterial network 
reconstructed from subject-specific fundus camera images. The numerical results of 
the proposed 2D computational model show a good agreement with in vivo 
measurements reported in the literature, demonstrating the validity of the current 
model for prediction of flow distribution and intravascular SO2/PO2 profiles in a 
retinal arterial network. This paves the way for investigating the effects of parameter 
variation, simulating cases not available from experimental studies. Thorough 
validation of this model is still needed in order to strengthen the utility of this 
approach. 
 Analysis of retinal arterial network in hypertensive and diabetic patients 
The analysis of patient-specific data acquired from hypertensive and diabetic patients, 





shows that topological and morphological changes in retinal arterial tree associated 
with hypertension and diabetes can alter hemodynamics and oxygen distribution in 
the retinal arterial network. It has been found that: 1) the retinal arterial network in 
hypertensive and diabetic patients tends to have fewer branches, smaller surface area 
ratio and higher asymmetry; 2) these geometrical features result in flow distributions 
that deviate from the relationship for an optimal vascular system suggested by 
Murray’s law i.e. Q ~ D3 (Mayrovitz and Roy 1983), and 3) oxygen distribution 
shows strong dependence on the flow distribution. 
 Assessment of energy costs 
By analyzing the energy cost using hypothetical models of normal and hypertensive 
retinal arteries, it has been found that: 1) length-to-diameter ratio (LDR) is the most 
important factor influencing the total energy cost; 2) the hypertensive model requires 
higher energy to sustain the blood flow than the normal model (71.2% higher for the 
first generation and 69.9% higher for the entire retinal tree); and 3) for a given flow 
distribution, the estimated theoretical diameters for an optimal configuration are much 
larger than the real geometry values, resulting in a new balance between different 
components that contribute to the total energy cost with a significant reduction in 
pumping power, but a large increase in wall consumption. 
 Effect of rheological models of blood 
Comparisons of results obtained from three non-Newtonian models for blood (Pries, 
Quemada, and GPL) show that: 1) the choice of non-Newtonian models has a greater 
effect on pressure drops than on the flow distribution and oxygen transport in the 
retinal network, and the latter effect can be ignored in the larger retinal arteries, but 
becomes obvious in the small retinal arterioles, and 2) the continuum rheological 
models that are well suited for large arteries (e.g. Quemada and GPL models), may 
overestimate blood viscosity in retinal arteries, as much higher viscosity values are 
obtained from these models than those with the Pries model, which has been widely 
accepted for microcirculation. Therefore the Pries model is more appropriate in the 
simulation of retinal circulation than another two models, although the viscosity 
profile calculated from the Pries model is far too homogenous to be realistic, as the 





viscosity is a function of vessel diameter and hematocrit. 
 Lower dimensional model  
Results obtained from the 0D models show that they can provide comparable 
prediction of flow distribution to the more realistic 2D model, suggesting that the 
spatial geometrical complexity, i.e. spatial curvature and branching, may not have a 
significant effect on flow distribution in the retinal arterial network, and hence flow 
distribution in 3D retinal arteries may be predicted by lower dimensional models. 
Nevertheless, the 2D image-based CFD model incorporating subject-specific 
geometrical information is more desirable than the 0D models, owing to its capability 
of providing spatial flow profiles within the vascular lumen, and the fact that the 
pressure drop is underestimated by 0D models, e.g. the average pressure drop at each 
outlet estimated from 0D channel model is 14.5% lower than result from 2D model 
due to the exclusion of geometrical details of the retinal arteries.  
8.2 Recommendations for Future Work 
8.2.1 3D Geometry of Retinal Arterioles 
The 3D reconstruction procedure presented in this study was designed specifically for 
projective reconstruction, but it may be possible to obtain images of the retina by 
using MRI as shown in the cross-sectional image of the brain (see Fig 8.1). It seems 
that standard MRI images can only provide information on the curvature of the eye 
ball, and they cannot be used to determine the location of retinal arteries. However as 
a first attempt, it may not be unreasonable to assume that retinal arteries sit on the 
surface of the eye ball so that the 3D structure of retinal arteries may be reconstructed 
by mapping the 2D flat retinal fundus images or segmented retinal arteries onto the 
3D curved surface extracted from MRI images. One potential difficulty is that if the 
eye ball surface estimated from MRI is not perfectly spherical, reference points should 
be identified by using ultrasound or other techniques to adjust the mapping position of 
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the interaction between oxygen and retinal cells in the tissue. In order to achieve this, 
necessary parameters for the human retina must be obtained first, e.g. the diffusion 
coefficient of oxygen in the human retina and the oxygen consumption rate of the 
human retinal cells. Moreover, much more computation resources will be needed 
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Table A.1 The comparison of reconstruction methods. 
Approaches Characters 
Disparity map 
estimation with final 
depth correction 
(1) Based on the stereo pair. If the images are general, 
rectification is required first; 
(2) Each point in 2D retinal images has only one 
recovered depth which means the cross points formed 
by the projection of the veins and arteries in different 
layers will not be recovered correctly; 
(3) Final depth correction requires experiment data 





(1) Based on the stereo pair. If the images are general, 
rectification is required first; 
(2) Each point in 2D retinal images has only one 
recovered depth which means the cross points formed 
by the projection of the veins and arteries in different 
layers will be not recovered correctly;  
(3) The accuracy of self-calibration should be validated. 
Metric projection 
reconstruction 
(1) No special requirement of acquiring retinal images; 
(2) The character that veins and arties are in different 
layers could be recovered; 
(3) The accuracy of self-calibration should be validated. 
Affine geometry 
reconstruction 
(1) Based on seven fields of view which have small 
overlaps leading to sparse feature points; 
(2) A spherical retina is assumed which will reduce the 
reliability of reconstruction -- reconstructed retina in 
which the veins and arteries might be in different 
layers is mapped on one spherical surface. 
Geometry Estimation 
with Spherical Retina 
Assumption 
(1) A spherical retina is assumed which will reduce the 
reliability of reconstruction -- reconstructed retina in 
which the veins and arteries might be in different 
layers is mapped on one spherical surface. 
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A.3 Supplement of Reconstruction 
A.3.1 Harries Corner Detection 
Harris corner detector (Harris and Stephens 1988) based on the local auto-correlation 
function of image intensity is a popular automatic feature point detector due to its 
property that it is invariant to affine illumination changes. Its application includes the 
following steps: 
 1. Compute cornerness map 
At an image point (u, v) with intensity of I(u, v), for a small shift (x, y) the auto-






yx vuIyvxuIvuE        (A.1)  
where (u,v) is a small smooth window centered on point (u,v). According to Taylor 































































vuM   
where Ix and Iy denote the derivate of image intensity in x and y direction individually 
as 
Ix  I(u,v)  (1, 0,1) 
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Iy  I(u,v)  (1, 0,1)T  
Let 1 and 2 be the eigenvalues of matrix M (Fig. A.5). According to the principle of 
eigenvalues, if both eigenvalues of M are large, the pixel will be considered to be a 
corner. The Harris corner detector function RHarris could be defined as 
   221212 )()det(   kMtracekMRHarris      (A.2) 
Here k is constant (usually 0.04) which is proportional to the sensitiveness of the 
detector. However, the parameter k needs to be manually altered so that a modified 







MRNobel       (A.3) 
where  is a small constant used to avoid a singular denominator when a zero rank 
auto-correlation matrix was found. 
 
Figure A.5 Classification of image points by using eigenvalues 
2. Thresholding and Non-maxima suppression 
Although the image cornerness map has been obtained, it includes not only local 
maximum values related to true corners but also relatively small cornerness measures 
which are not true corners. In order to get rid of those “fake” corners, thresholding for 









λ2 and λ1 are large
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If RHarris or RNobel  > threshold, keep the R values,  
Else RHarris or RNobel  < threshold, set values of R to be zero.  
The choice of threshold is application dependent which needs to be set properly 
that not only remove false corners, but keep enough true corners. However in practice 
there is rarely a threshold value that could remove all fake corners, therefore non-
maxima suppression will be applied to do further filtration by searching the local 
maxima of R which is relating to true corners.  
In conclusion the procedure for Harris corner detection could be summarized as: 
1. Compute the derivatives Ix and Iy  
2. Compute matrix M in a Gaussian window  
3. Compute corner detector function RHarris or RNobel   
4. Threshold RHarris or RNobel   
5. Non-maxima suppression to search local maxima 
Fig A.6 shows the application of corner detection on retinal images. It is obvious 
that besides of the geometrical feature points (i.e. bifurcations or cross-points) lots of 
geometrical meaningless points were identified. 
 
Figure A.6 Example of auto-corner detection on retinal image. 
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A.3.2 Feature Points Matching 
After extracting the feature points (i.e. corners) in different images either by manually 
or by automatic detection approach based on the image intensity, the point 
correspondences could be identified. One popular way to match those interest points 
is to use normalized cross correlation (NCC), that in the searching range the pair with 
maximal cross correlation value is selected as best match points.  
In a search window with size of (2W +1) pixels, the NCC is defined as (Xu and 
Chutatape 2006a) 
  





























),(   (A.4) 
I1 and I2 are the intensity values of left and right images, 1I  and 2I  are the average 
intensity values in the comparing windows, m1(u1, v1) is the reference point in left 
image and m2(u2, v2) is the candidate point in the right image.  
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A.4 Derivation of Intravascular Oxygen Transport Equation  
 










   
 (A.5) 
where Cp is the oxygen concentration in plasma, HD is the hematocrit, Dp is the 
diffusivity of free oxygen in plasma, pV

 is the velocity of plasma, J is the released 
oxygen flux by the carrier. It was assumed that free oxygen in red blood cell (RBC) 
can easily pass through the membrane of erythrocyte and exchange with outside 
plasma, while oxygen bound to hemoglobin only exists in RBC.  









where Cc is the free oxygen in RBC, DHb is the diffusivity of oxyhemoglobin in RBC, 
Dc is the diffusivity of free oxygen in RBC, rbcV

 is the velocity of RBC, CHb is the 
oxygen carrying capability of haemoglobin in blood and S is the oxyhaemoglobin 
saturation function. According to Henry’s law, the free oxygen concentration (Ci) and 
corresponding partial pressure (Pi) are related as  
Ci=αiPi          (A.7) 
where αi is oxygen solubility coefficient in the relevant fluid. Therefore equations 





Free oxygen in RBC (Cc)













































    (A.10) 
Assuming there is no relative movement between plasma and red blood cells then  
brbcp VVV
    
If the diffusivity of free oxygen in RBC is the same as that in plasma, i.e.  
Dc=Dp,  




















     (A.11) 


























































































































































on, it can be
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Pu          (A.19) 
With the boundary conditions 0u , when ay  , the velocity profile at the section 






pu           (A.20) 
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A.5.2 Pipe Flow 
     
Figure A.9 Schematic of pipe flow (left) and force balance (right). 
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dPu          (A.27) 
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